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: o . Foreword

Mathematics education is continually being reviewed at every level to keep instruction
responsive and current. Resulting changes in mathematics education are based on
developments in theories of learning, findings regarding instruction in the classroom, public
opinion and most importantly, the evolving process of mathematics itself.

The Georgia Department of Education appointed a comm/ ittee to study various aspects of
mathematics at the secondary school level and to prepare guldelines for mathematics cur-
riculum planning and assessment. This guide, Mathematics for Georgia Secondary Schools, is
the committee’s final product. ) ”

We appreciate the time and effort the committee members spent and commend them for
this excellent publlcation We are confident tHe guidelines presented here will help improve
mathematics education in the secondary schools throughout the state.
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- Y . ' ~ Charles McDaniel
. State Superintendent of Schools
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o | - | Introduction

'Fhe purpose of this gulde,(Matheﬁiatics for Georgia Secondary Schools, is to. help those
"who are concerned with improving mathematics education in Georgia Schools. The format of

the guide is intended to make planning a new mathematics curriiulum easier at the local level .

yet leaving the designers free to develop courses which are their students, .

The committee members and writers who developed this guide have drawn information

from successfyl practices presently in use and significant trends in mathematics education L
literature recofnmended by consultants.

~

Designers of\a mathematics curyiculum for the 1980s must critically consider the target =~ <

population for whom they are planning — their abilities, interests, present’ and future reeds.
They must provide a program for all students which is broad enough in scope to furnish
students with a solid base of essential mathematics skills. The program should be long range,
aimed at developing skills which will be useful for many years to come. The writers of this

‘ guide have attempted to provide direction and information to aid schools in equipping
students with those skills in mathematics which will enable them to become productive

members of society and to pursue their personal goals. \

t

We hope that this guide will be usefulin réviewing, strengthening or ée‘veloplng the local
. mathematics curriculum and will lead to improved instruction for students in Georgla schools.
AN : Lucille G. Jordan
. Associate State Superlntendgnt‘ .
¢ Office of Instructional Services

R. Scott Bradshaw, Director
Division of Curriculum Services

-
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- should develop steps or tasks to follow and designate people responsible for the tasks with

4 ’
-

4 - »

A)

- ~ Developing a Secondary School .
~ Mathematics Curriculum Guide

A major goal of secondary schogls is to prepare students to function in modern society. To“
fulfill this goal, members of the school system and representatives of the community must plan
carefully. This curriulum guide, Mathematics for Georgia Secondary Schools, was designed
to help those involved in planning a mathematics curriculum for a local school system, local
school or individual classrpOm. . ) .

We assume_that a local curricy] plarinlng committee with members from all subject areas
hras been established and has gffen hput to the leaders of mathematics currictlum develop-
ment. The committee {or an Mndividual teacher) planning or revising a mathematics curriculum

associated time frames. A curriculum cannot be de~veloped quickly. Adequate time must be
given for study and discussion of trends and issues in mathematics, ways students‘learn and )
strategies of teaching. » B 1} ) o et :
{ ) ' L
Suggested steps for develqping a secondary s\c%oi tnathematics™cuitriculum are presented
on the following pages. Some of these tasks r;m‘ymeed revising to accommddate the local - |
situation. Time frames are not included since time ne@ded for these tasks will vary from school ._ .

[
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B - Steps for Developing
‘a Secondary School Mathematics Curriculum

[

Task ' . -

-

Responsibility of

Resources in .
Mathematics for .

Georgia 'Secondary- -

Schools )

. Formulate mathematics curriculum committee

. Develop goals of mathematics learning.

. Review.state and local high school graduation *

. Study materjals and provide sufficient time to

compOSed of .
e local curriculum director
¢ local mathematics supervisor or designated o
mathematics curriculum leader -
* representatives from mathematics teachers in
elémentary, mlddle and'secondary schools .
¢ media speciallst
*. representatives from other curriculum areas (to
- be called on as needs arise) ‘ ' N
*‘guidance counselor {to be lnvolved :
periodically).

general and - _
mathematics,

Mathematics cur-

e Study general and mathematics goals of local riculum committee
and state educational agengies-and state and. .
natiopal professional mathematics organiza-
tions. )

e Study (or formulate) philosophy of school sys-
tem regarding general edutation and

mathematlcs education . . -
e Consider local student present and future
needs. ) ) ’
. . .

/ . - *
Mathematics curri- .
requirements and statewide Criferion-Referenced culum commlttee
Test objectives.

. * Ensad
a ¢
[y

Subcommittees of

discuss findings.regarding such questions as the mathematics curri-

“following. _ culum committee
¢ How do students learn mathematics? How do “
students learn mathematics as a language? As
a science? As a collection of skills? As an’7 art? o
o What are students’ present attitudes toward 0=

. mathematics? What,changes in attitudes and
appreblations do you-wish a modified mathe-
- matics program to attain?
o Are there speclﬁc mathematical needs for your .
., cpmmunity? Are there particular needs in - -,
careers typically pursued by your students?

% 4 ¢ Do all present courses include sufficient oppor-

R« - . -

’tunities for problém solving and evaluation of
problem solying? -

12

Y

D-2

Curriculum leaders,

." @
. *

Goals, Problem Solv-
ing, Points of View,
Resources,
Appendices

\ R

Problem Solving,

- Strategies, Evaluating,

Peints of View, Ob-
jectives, References,
Appendices



\, . .- - ® What strategies of teaching should be em- )
) - - ployed? Are a variety of strategies used in . g
_ teaching each course? . N
® What major topics of mathematics should be
: 3 addressed in the curriculum? Where should — :
. _ these be addressed" '
: Note: Keep notes on readings to help in writ- '
ing courses, especially activities and refer:
] . ences, These findings should provide a frame-
work within which the curriculum can be built.

-

owt

5. Develop student objectives for mathematics . ) Mathematics curri-  Goals, Problem Solv-

education and indicate those essential skills _  culum committee , ing, Péints of View,
expected of graduating seniors, whether they and consultants 5 Objectives, Appen-
enter the world of work or postsécondary - \ dices, Resources
schools. . .. ’

6. Review existing curriculum to find out if essential -Members of mathe-
skills are included in appropriate courses. Indi-  matics curriculum

_ cate those missing from curmriculum. committee o
. £ ® - . « 2
7. Review existing curriculum in'terms of stated - Members of mathe- . .
. goals, objectives and local student.needs. Indi- -matics curriculum -, .
cate inconsistencies. . " . commifee e -

8. List courseg to fulfill needs of local students. Subcommiittees and  Strategies, Points of
. Some may be mini-courses linked together for « the committee of View, Sample
one quarter,;one semester or one year, accord- _the whole of the * Courses, Appendices
. ing to school size and organiution . mathematics curri- )
. . culim committee - '
A Examples: general mathematics (a collection of .
: mini-courses); laboratory mathematics; personal o .
finance; courses built around applications — . ' '
mathematical modeling, consumer mathematics, . e
) mathematics of traveling to foreign countries; o ) N
A mathem used in sports; series of-algebra
’ * courses; ometry courses appropriate for local . i T
students}, trigonometry as mini-course (one course L PR
mlght be for those, entering technical 'school); - o o . '
. computer literacy and other computer courses, : i
e X history of mathematics; probability and statistics o -~ .
) (various levels); language and mathematics; in- .. %
troduction to logic; number theory, com- — .

~
_binatorics; interdlsciplinary mathematics and in- , s
- dependent study ) . - R . -
% . o, o .
“ 9 Write tentative course plans using information  Subcommittee of - Problem Solving,
and writings from previous Steps. Plans should® mathematics cur{l- Strategies, Eva]uaﬂng,
* . plncude | . cu]um committee ¢ . Polnts of View, Ob-
A Jectives, Sample
o title — succinctly reﬂecting natufe of course; f " Courses, Resources,
" course description ~*brief narmative to ‘be in- . Appendices, Careers
: . ~* in Mathematics ‘
~ . ‘v |




e course objectives — each containing condition,
, task, level of acceptability and each keyed to -
" student competency(les) required for gradua-
tion;
* course content — outline of topics;
* instructional activities — relating to objectives;
® procedures fér evaluating courses < tepresent- - -
ing methods of assessing student achievement
of objectives; .
® resources — including print and nonprint
media, equipment and human resouices help-
ful in achieving student objectives.

. Review tentative course offerings and respond to- Subcommittees and

the following questions. the committee of the
. whole of the mathe-
o Have appropriate offerings been provided for matics curriculum

all levels of students? committee, curricu-
* Can appropriate courses be scheduled each  lum committee, ad-
quarter or semester for all students? ditional mathematics

® Have courses been identified which match teachers and consul-
minimum requirements for graduation? Do tant(s)
these courses include the competencies re-
quired for graduation?

® Are courses planned to allow for as much . i
flexibility in scheduling as possible? s S

"e Are course objectives statéd so that evaluation

of student attainment can be measured? '

¢ Do the courses provide.opportunities for a
variety of strategies including discovery ap-
proach, small group or individual activities,
observation, exploration, investigation, inquiry, i
organization of ideas, organization of data, -

. applications to other disciplines, reinforce- :

° ment?

¢ How can the level of shident involvement be
increased? .

o Are student activities appropriate with respect -
to.needs, ab@ga and interests? -

o Based on present inventory ate all needed ‘g
"materials on hand? If not, list missing materials. g
. and rank them from most to least needed. 1

A +

. Revise the tentative courses on the basis of Subcommittees of
. responses to task 10 above . s . mathemapcs curricu-
9 " lum committee®
. Develop a plar; to ﬁeldtest the program. . * Subcommittee of
‘ ' . mathematics curri-
& . culum committee ™
. Select schools and teachers to field-test the " Administrators, math-
program. . . ematics curriculum
) , t leader

1.4.1).4( .‘ £

Problem Solving,
Strategies, Evalu-

ating, Points of View, .
Objectives, Course of
Study, Resourges,
Appendices, Careers

in Mathemqﬁcs

L

LoV N



' 14 Fleld-test the-program keep notes regardlng 1?esignated Personnel
changes needed in the progral’n . ]

-

" 15. Review/revise currlculum use questions in pre- Mathematics curricu-
vious steps to develop plan for review/ revision. lum committee as a
. <" whole .

:
=

16.7 Plan for evaluation of mathematics curriculum, Subcommlttee . Evaluating, Objectives

¢ % . , .
17. Formulate and implement staff development, Subcommittee of .
plan . . . " mathematics curricul-
' * um committee, math-_
ematics curriculum
leader, appropriate
administrators and all

“of mathematics staff ‘

18. Implement the rnathematics curriculum plan. Appropriate adminis-
- . trators.and. all of
R . _— ) mathematics staff
. N o
19. Evaluate the mathematics?ﬁrﬂculum each year. Appropriate adminis- Evaluating
) *  trators, mathematics -
curriculum leader and:
designated staff mem-
. 8 bers . ” N

.

20. Review findings of evaluation each year and Designated personnel\
plan revision where needed: :
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In 1979 Shirley Hill, president of the Natfonal Council of Jeachers of Mathematics, presented a
challenging essay on how teachers should react, as pro?essibnals,. to forces attempting to narrow
the mathematics curricylum through demands for higher test scores and accountability. She
pointed out that the quality of-eddc’ation‘could decline even-as scores on minimal competency ex-

-ams improved if, for example, these gains in scores were at the expénse of long-term retention

and application. With fegard to the second National Assessment of Education Progress she.stated,

o ..~ Goals of

“Relglps remain good in whole numbers computation, but performagce in applying these skills to

muitistep, nonroutine or even fairly routine problem solving was dismal.” She concluded that the
public in general and parents in particular must be alerted fo the danger of developing a genera-

* tion of test passers who cannot use or apply assiduously drilled low-level skills. What is the role of

¢

. professionals in combating this possibility? Hill stated, “First, we must not compromise. our goals
and objectives for mathematics learning. We have a good idea of thé abilities that our students will

. neéd"a decade or so hérice; we can predict that much of what has been basic will become ob-

ve-

mathemaﬂcal tools that are useful and are needed to cope with realistic problems.

solete. we' know the necessity for problem(— lying and application abilities and the limitation of a
‘curriculum domjnated by computational sbﬁ We know the hazards of concentratihg on low-level
skills and minimums.” ¢ -

Hilf's _sfa}ement raises a crucial point for those engaged'in design of mathemati,cs‘currlculum:
That is, what should be the goals of mathematics learning? One possible response is provided in
the following paragraphs. ’ - .

. .

A conference on basic mathematical skills and learning held in 1975 in Euclid, Ohio, and

known as the Euclid Conference, addressed this major concern of identifying goals. The results of

this conference have had a significant influence on the mathematics education community. The.%
conference participants identified three goal categories. : T -

N

.

. “ 3 . .
General goals indicate those advantages that grow with an increasing understanding of
mathematics. r

- LX]

~

Basic goals are the ;nathemaﬁs.needed by workers, consumers and citizens. - -

- . s,
. Further MIe goals are those that will meet the needs of students whose vocational re-
quirements and interests-go beyond the basic goals. T ‘

¢
b

The following sections will clarify the interit of the three goal areas. ° .

*  The purpose of teaching mathemati#s is to prepare students for living as consumers and citizens,

inaugurate education for various productive occupations and ‘ald students in developing worthy
and satisfying lives. The purpose of mathematics education is to provide experiences which
enhance students’ perceptions, aid them in constructive reasoning and bring insight to a variety of
situations and problems. Additionally, experiencesifi thathematics should be such that students

feel corifident in situations where reasoning and quanttative thinking are ngeded. Students should”

- develop:a level of self-confidence needed. to function effectively in a soclety in which heavy use is

made of mathematics and mathematical concepts. Mathematics programs must include those

. ¥




- ) \ . > LY .
. - . " ) - )
- ) '.r . . . ' . N 5"
Basic Goals . S L ‘ ‘-
The Euclid Conference report (Euclid Conf,, 1975 pp. 7- .20) ldentifled 10 basic goals, C . K .
1. Approprlate computational skills. “The automation of arithmetic during the past half cen-” * "

tury has, strongly ,affected educational needs” (Euclid Conf., 1975, p. 17). The advent of the .
hand-held calcufator has had enormous effects on society and is a complex issue for mathematies - '
education. The Euclid Conference participants charged mathematics educators to find.the best '

combination of skills and’ understandings so that a student mlght be able to develop a needed S S
algorithm and make use of time- -saving devlces such as hand-held calculators A . '
. R L

2. Links between mathemaﬁchl ideas and real-world sifuations. Students should be able to
relate mathematical properties to real-world situations. This involves expressing a situation in terms |
. of mathematics as well as manipulating the mathematics to arrive at a conclusion. To gain some °
inslght into the orlglnal situation students must be able to translate &oncluslons (or results or solu- *
tions) #nto the terms of 'the original sltuations

3. Estimation and ‘approximation. These skills are basic to dealing with quantitative ideg? .
Students must carry out rapid, approximate calculations and acquire awarenesses of the notions of
- error and preclsion . . -

. —

) tion and interprefation of numerical data, including using graphs. Students

le to use numerical data to set up charts, tables and graphs. They must be able to
read such dlsplay,and draw pertinent conclusions - s

selecﬂo of approwate ihstrument, technlque&of using measuring instruments and tech-
niques 6f conversion among units within a; .system. Often, ematicians and mathematics
educa rs conslder meagurement a legltlmate topic of sclence ¥¥owever, the importance of
rement is not i question Students should be able to measure length distance, weight,

6. Alertness to reasonablenm of results. Students must learn to inspect results, conclusions
and solutions for reasonableness of answers ln terms of the original situation. .

< 7. Qualitative undetgtandlng ‘of and drawlng inferences from functlons and rates of change.
" The concept of how one quantity may depend on another is necessary to understand and inter-
pret situations. Understancllng the relationships among quantities as represented in terms of tables

and graphs is neeessary . e . . '

8 Notions of probablllty Forecasts and predlctions are based on the notions of probablllty e *
which frequently, arise in problem-solving situations. * »

9 Computer uses: Capabilities and limltations (gained through direct experlences) The im-
pact of the development of the computer affects all aspects_of our soclety. All citizens must
understand what computers can and cannot do and in. particular, that the performance of com-
puters is governed by people. . .

4

10. Problem Solving. Problem solving is the unifying goal interrelating not only these 10 basic
goals but also interrelating the general, basic and further desirable goals.
. 3 . \__,.5
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‘ Further Desirable Goals ¢

The basic goals presented in the preceding section stress the relationship between mathematics
~ and the real world. It is also desirable that students know about the discipline of mathematics-and . "
(its internal considerations. The Euclid Cdnference report (Euclid Conf., 1975, pp. 20-21) cites the
*  ‘following as five further desirable goals.

, 1. Recognition that mathematics is a construct. Mathematics is a product of inquiring minds
.. . and areflection of the progress of humanity. Students should understand that while mathemati-
cians determine assumptions upon which mathematics is based, this determination is not
capricious and is in fact an attempt to develop mathematical structure which are internally consls-
tent. : ’ )

2. Ability to reason abstractly. Students should understand the nature of argument (or proof)
and should be able to make judgments about the reasonableness of various arguments. Fields
other than mathematics make use of the ability to construct such logical arguments.

3. Enrichment of the s,t;ldents’ world. Students’ lives are enriched by knowledgé‘ of the con-
tributions to culture that mathematicians have made through the mathematics that they have

developed. ) - o ‘

Mathematics can be an aid to insight — a way of looking at events and phenomena that

brings increased appreciation, understanding and creativity. Developing such styles of

perceptibn is, or should be, part of what it means to become educated (Euclid Conf., 1975,
c p. 21). ) ' "

- ' 4. Acquaintance with the natural notations of mathematics. As mathematicians have
developed mathematics over the centuries they have arrived at generally accepted ways of com-
municating mathematical ideas. Examples of symbols and rules relating the use of these symbols
are the Hindu-Arabic notation, including use’of the numeralfor zero and the use of exponents. *
These riotations have greatly aided the communication of mathematical thought. ’

5. Mathematical modeling. A mathematical model is an approximate translation of a real-

world situation into mathematical terms. It is through this modeling process that mathematics is °

most f.legantly and usefully applied to the changing needs of the werld. ..

" A pr}me example of the influence of the above ‘goals is that both the National Council of Super-
visors of Mathematics and the National Council of Teachers of Mathematics endorsed, in a one-to- L
one fashion, the Euclid Conference’s second category of 10 basic skill areas. With regard to pro- .~
blem solving, which these groups placed first on their list of basic goals, the following strongly

asserted statement was made.- . .

-
N

Learning to solve problems is ilte principal reason for studying mathematics. Problem solving
B—the—preeoss—e#qpblying previously acquired knowledge to new and unfamiliar situations. Solv-
ing word problems in texts'is one form of problem solving, but students also should be faced
with nontextbook problems. Problem-sblving strategtes {nvolving p%slng questions, analyzing
situations, translating results, illustrating results, drawing diagrams, and using trial and error. In  ~
. solving problemssstudents need to be able'to apply the’rules of Jogic necessary to arrive at valid

+ conclusions. They, must be ablefto determine which facts are relevant. They should be unfearful

- of arriving at tentative conclusions and they must be willing to subject these conclusions &
serutiny. (NCTM and NCSM position papers, “Basic Skills”, The Arithmetic Teache?, Volume

_’ &5, No. 1, Oct, 1977, p. 20). . . »
T 4 ? . ‘! . ; - -




oo . o« .

Even a cursory examination of the above goal statements shows that there is clear call for -
engaging students in prob}em solVing and- applicatlons.

.For example to realize the two basic goals of problem solving and links between mathematical-
id g-and real-world situations the remaining eight basic goals all must play their part. For certainly
processes as estimating, approximating, graphing, measuring, drawing inferences and assess-

. ing reasonable resu,ltsal] come into play in applying mathematics. -- . -

-

The next section speciﬁes a theme for mathematics instruction using the ideas and goals of thls
section_as a rationalé for its selection. & .

G
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.What is problem solving? : ) >

_, s , .. 'Stressing.
. S Problem Solving

-

T and Abplicén'ﬁons?@

& g
\:»Q*‘! ;\,

This section of the guide presents a theme which may provide mathém_aﬁcs teachers with their
most challenging and exciting opportunity to make teaching more-effective and to improve curri-

*culum. This theme centers aroungd teachers trying to make mathematics increasingly useful to =*° .

those who learn it. How can this be done? The claim is that if teachers make greater ‘provision for
stressing problem solving and applications in their teaching approaches, ther students will have a
greater likelihpod of obtaining a worthwhile awareness and appreciation for_both the spjit and
uses of mathematics. In particular, this on attempts to show that there exists a vhﬁcj situa- -
tions and problems that have. the potential to engage students’ interests. Alsq, this section will try

to show that much of the fairly standard material currently in secéndary programs p;évtdes‘ a tool
kit which ~ when properly guided by an enthusiastic and knowledgéable teacher - can powerful--
ly aid students in tackling real problem situations of concern ‘to the student or future adult.

-
¢
. : .

Research on problem solving rests on the 'assumption that most mathematical activity is problem

&

solving; that effective teactiing of mathematics is associated with having students develop and use - -

s, o

problem 'solving techpiques.

. ' R
" Based on seminal ideas of Karl Duncker (1945), John F. Lucas (1972) stated that, Jinlgeneral, a -
problem sitwation exists when one possesses certain given information and a goal but lacks a con- .
nection between' the two.. A solution of-the problem results when an individual establises a mean-

* ingful connection between- information and goal. The terth problem soluing implies more than .

seeking a solution. In fact; the process of solving a problem involves an active search for asuitable
method for dealing with the problem”— and subsequent application of that method. Prior ex-
perience may provide appropriate methods, procedures and plans. Howeverfor rhany
mathematical problems an individual must construct and test a variety of plans before one is'found
to be adequate for the problem situation at hand. Consideration of such plans leads many re-

searchers tq the notion of heuristics or maxims — which are examined next. e

4
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. teaching students to solve problems. .

4 .

-\ . N
b N

e . . . o»
One of the most thoughtful and thorough treatments coricerning the teaching of problem solving

has been developed by T_ J. Cooney, E. J. Davis and K B.-Henderson in their text Dynamics 6f

Teaching Secondary- School Mathematics (Houghton Mifflin Company, Boston, 1975, pp. 240-
291). These authors present maxims which students can use in their problem solving activities.

) Theggbelieve', along with George Polya, that #f students become aware of the maxims and learn to

incorporate the maxims into their problem-solving behavior then students will become more eff#:.
tive problem solvers. The teacher should serve as a model by uslng the following maxims when

-

o * : .

Make sure students undentand the problem.

Do the students undetstand the meaning of terms used in the problem? What ambiguous
terms need claﬂfylng or illustrating? ; - a

Do the students identify ait relevant given condltions and information?

[}

. Do the students determine what they are belng asked to find? Would a.solution tb the
: problem :?& the form of a number, a set of numbers, an equation, a graph, a 13attem or .

whabmathematical object? How can such a solution be generated?

¢ Can sfudents restate tée problem-in their own words? Would a sketch be helpful in ex-

e 'plaining the ;;‘robletq? Cooney, Davis and Hendersan conclude, “If students can indicate,
they know the meaning of all the terms stated in a problem and can identify the given in-
formation and the nature of the required solution and additionally can express the prob-’
lem in their own words, then the teacher has a substantial basis for assuming that the pro-*
blem ldeetstood" (Cooney, et al, 1975, p. 248):

Help students gather rﬁmnt ideas to dssist in creating a plan.

e th&lnfomaﬁomcan be derived from the given cofiditions? What relations or jmplications. _

deduced from the given conditions or from the assumed type of solution? Should
, more brain storming take place? What subset of generdted information is most likely to be -

relevant? Are stiidents being encouraged to generate novel plans for attacking the prob- A

-~ lem? Can more than one plan be devised? Has there been an attempt to form a plan by
- deriving information from joint considération of the given and the sought after solution to
" the problem? Are slower students being brought into the planning stage? Is the-teacher
telling too much? Would a different or more elaborate sketch be helpful?

.~ ® Can students gain information ‘solvlng an analogous problem? éa;x students invert from
«  a problem involving an ellipse¥5 one involving a circle and then « after-gathering some
ideas and cues to solution — invert back to the elllpse problem? .

Is it pqssible to try smaller values of some variable in order to see a pattem? {this is one of
the most powetful techniques in probjem solving!) Can the pattern be verified?

* Should students attempt a different approach after they become blocﬁ(ed or discouraged?
» Are they-in a mind set which needs breaking? What would be a different perspective for
considering a particular “problem? Is an approach being abandoned too soon? (Most
challenging problems required persistence as well as insight.)

Provide an atmosphere condudve for students to splve problems.

* Are the students receiving positlve cues from the teacher? Are they being gncouraged to
conﬂnue their approaches? Are teachers squelching approaches too much? - - - ~

S - 'Proléem,-Sol\{ing Maxims "‘

-
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.~ - starts? s there enough emphasis on the inductive made?

® Are students being given sufficient time to deal with a problem? Should more time be pro-
vided Yor ieas to incubalt® ’ :

® Are students being taught guesslng't{ (Polya has stressed this point as ‘bei,ng crucial.) s the
teacher encquraging.and rewarding students who make conjectures? Is the teacher helping
students to test their conjectures? Are teachers being honest.With regard to their own false

-
»

* Are $tudents being made-aware that there are usually many ways to solve a problem? Are
they being encouraged to seek alternate solutions? Are students or the teacher solving the
)N problems? Is there adéquate discussion of the processes involved in the solution stage?
-~ LI . . RN
After a solution is obtained encolirage them to look back and reflect on the problem
and the means used to soht the problem. N :

¢ "¢ Does the solution mhke sense? \(Vhat other means coulq be used to verify the solution?

* Does the conciﬁslon obtained really solve the problem? Should the problem be refor-
mulated and the problem-solving€ycle be repeated? ’ :

* What insights about the original problem and related problems a{e provided by the solu-
¢ tion? .

¢ What are other ways to solve the problem? What occurs if you focus on some other
. feature of the problem? Does that suggest a different approach?-

¢ ~If the problem was solged inductively can a deductive solution be determined {and vice
. ? ' . -
| versa)? R .

* What subproblems were suggested and dealt with in obtaining the solution?

® What new problems can now be generated? What if some aspect of the problem were
changed? - s .

' s

® How can the problem and solution be applied and to what? What occupations might en-

counter such a problem?

-

@

—

® What would be different if a calculator or computer was available?

.

- imsin dealing with problems? . T
. %

~

- students seek solutiohs or formulate new problems?

e What questions or remarks from students could be exploited by the teacher to help

N

- @
* Have there been sufficient classroom discussions about the critical role of employing max-

-

® Were the students having fun in their. probiem-&o_lvlng activity?

N R
® Are students aware that the maxims used in the mathematic classroom apply to almost
" any challenging life’situation they may encounter? . ‘
« The next section providesa very complete treatment of just one problem hng lllustrates hoﬁrmany
of the maxims identified above can be applied. P ’
- v . N @ . . . ~ -
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Problem Solving @ -
. in a General
*'Mathematics Classtoorh

Oy h‘%‘,

,//
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Situation'

To see that problem-solvirig maxims can be used at all levels of instruction, consider the follow-
ing situation which involved the purchase of pizza by students in a general mathematics classroom.
They determined, after a rather heated debate, that both the Pizza Palace and the Pizza Parlor
restaurants had the best tasting pinas The following problem was next.‘examlned

4

Problem

”

. Did the Pizza Palace or the Pizza Parlor offer the best buy on pin/a?

Understanding the Problem | N
‘Gﬁ .

. twas polnted out that the word best in the above problem had to be clarified. In a brainstorm-
ing session many consideratipns were identified and discussed by the students. Among the con-
siderations listed were the following. (1) price, (2) size of pizza (i.esdiameter measured in inches),
(3) number of slices for a glverr;ize of pizza, (4)§hlckness, (5) cost for, vdrious types of topping
(e.g. pepperoni, mushroom, ltalian sausage, onion, green pepber anchovy, shrimp), (6) numbeér
of toppings, (7) distance to restaurants and (8) carry-out charge.  But whlch of these should the
class focus on'? ’ - . < .

{ S -
It was decided that to determine the best buy between the twd restaurants data must be
gathered to find out the cost per square inch for different sizes of pizza and different number of -
toppings. Also, toppings which cost extra, such as shrimp, were to be ignored. - ) v

’

Creating a Plan -

To begin to ,determlne cost per square inch it was decided to gather prices for a small pizza, a
medium pizza and.a large pizza at both restaurants. The mediumand large pizzas at both ;
restaurant$"were, respectively, 13-inches and 15 inches in diameter. However the small at the Piz-
za Parlor had a nine-inch diameter whereas the $mall at the Pizza Palace had a 10-inch diameter. -

Sinte the area A‘of a circle is 712 and r = d/2, students saw that the f;)rm:.lla .
AT g~ d xd?
A=ar=x ( 2 )’ 4
» & -~
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o  could be used to determine the total area of a pizza for a,given diameter.’ Then the various pizzds,” *
' » could be compared by computing Cost/Area for each given diameter. In qddlﬂ&g to size, students -
. ‘kniew that the cost depended on the number of Yoppings requested. Letting t denote the number -
of toppings studgnts decided to find costs for values of t ranging from t = O-through t = 4, f e
a "Thus the pian for determining which restaurant had the best buy on pizza called for comparing s
each restaurant’s cost per square inch of pizza with respect to siz€ and number of toppings. ’
. - ’. N * - . .
- N s~ )
. .Carrying Out the Plan .
, ... Studentsbrought the following information back to-class.
R N ‘ . . v ™~ . L ~ Laig
. ., Pizza Q:ﬂor ) . g
- (. - 'Q .
No. of ' Size ‘ - kS
Toppings - - 9 inch 13 inch " 15 inch ks
0 '$3.25° $5.00 $ 6.40 %
1 - 8375 $570 # ¥7.30 7
© 2 " $4.25 \ %640 $ 8.20
’ 3. : $4.75 T2 $7.10. $9.10 R .
\ 4 ' .$5.25 ~ $7.80 $10.00. e
. _ * - < . ) . .' - *
) ; .
L _ _ :
. - \/Plzza Pala,;:e P
* 7 No.ot Size ¥
. Toppings 10 inch 13 inch” 15 inch s ’
" 0 $295 - $4.30 . $5.65
1 ) - $3.90 $5.25 v $6.70 -
e 2 . $4.45 $5.85 $7.30
t 3 $4.85 $6.40 $7.95
2 4 $5.25 $6.65 - $8.30 .
To compare the two rehaugants'with respect to 13-inch pizzas with four toppingspone ;a]culai-es
that a 13-inch pizza has-an approximate area of 133 square inches. / A
~ : A= sz - T§13!1 - 133 =
4 - 4 ) o
Then for the Pizza Parlor the cost per square inch of a 13-inch pﬁza wlth‘fo,ur topgings is
$7.80/133 in? = $ .06fin? ¢ ’ .
- L ‘ ¢ N ,
) Using a hand-held calculator students found the following cost per square inch for the two ’
‘ restaurants. . . - ‘ Y . '
S T ‘ R
A ) ’ P-E; . 26 - ) 4
- g 7 )




- Pizza Parlor
Diameter (u;a) .

9 inch - 13 inch 15inch
(64 sq. in.) . (133 sq. in.) (177 sq. in.)

.05 . .04 .04
.06 04 04
07 . 05 .05
07 .05 .05
.08 « 06 ' $.06-

U Pizza Palace

Dlamet‘er (area)

10 inch ' 13 inch.
(79 sq. in.) (133 sq. in.)

$ .04 $ .03
$ .05 . $ .04
$ .06 $ .04
*$ .06 $ .05
$ .07 - $ .05

Examinatioh of the above two tables showed that the Pizza Palace appeared to offer the better ‘ .
buy since in each case the cost per square inch to the buyer was less than or equal to the cor-

responding figure at the Pizza Parlor. However, the costs per.square inch values were found to be
misleading. For example, the cost for a 15 inch pizza with one topping was estimated at four cents

per square inch — at both restaurants — even though the parlor charged $ .60 more than the

Palace for this. particular pizza. ) . .

“Thé overall conclusion was that theﬁapproach used, t.eﬂbmpaﬁng costs per square inch, pro-

vided some interesﬂn?rdonnaﬁon but did not give a precise answer to which pizza was the best

buy. Also, forpizzas of the same size and number of toppings one need only use the price list to

compare the two restaurants Students did note that the worst buy was the Pizza Parlor’s nine-inch

" pizza with four toppings This pizza costs eight'cents per square inch — the highest such cost.

w Overall, the students became more aware of comparison shopping and had en]oyed working with

| T . the problem . ) , .

. e T -
* - / .
Lookhu;ﬂack L .

v .
- . " .

Among the\suggesﬁons made why the cost per square inch approach was not effective were the
following. (1) the assumption that pizzas m’e circles, (2) errors made in apprqximating diameters .
and areas‘and (3),§3und-off errors. _"f ~ L

One person thought that thickness should haVe been used Then the model for a ptzza would
- be a”R:yllnder and one would estimate cost per. cubic inch.

l .

Many students noted that the Pizza Parlor’s price list had many reguldrlties Forrexample, each

addtttonal topping forthe nlne-inch pizza cost 50 cents. Also for the 13-inch and 15-inch pizas




- ) ’

additional toppfngs cost, respectively, 70 cents and 90 cents. (No such patterri was found for the
. Pizza Palace.) - . . .

When the Pizza Parlor’s prices were given to an algebra class they found if they doubled the
price of a nineinch pizza, denoated by P,, and then subtracted,{nultiples of 10 cents they could «
preglict the price of the 15 inch pizza (denoted by Pys). The formula they obtained was

. Pis = 2P, ~ .10 (t + 1) where t = no. of toppings. -

Also they found the price of 13-inch pizza (P,,} depended on P, and t. In fact

]
.

, Pis = 2P, - 30(t+5). -
One group examined P, and‘P., above and then conjectured if the Parlor sold a 14-inch pizza its ’
price would be ' -

Pu=2P, - .20t + 4). ‘.

Thes; obtained this equation. for P{. by adding Py, to one half the difference of P,, and P,;. Note
the value of P, used in the above formulas depends on the value of t being used. For example, to’
find the cost of a 14-inch pizza with three toppings, substitute the price of a nine-inch pizza for

t = 3. Then i

*

P =2P, - 20 (t + 4)

- 2(4.75) - .20 (7

.

= 9.50 - '1.40 = $8.10.

One nice feature of this conjectured formula for P,, was that each topping cost a fixed price of
80 cents. . . .

The teacher asked what.graphs could be constructed to help determine the price of a giant
17-inch pizza. Many different linear graphs were presented. One nonlinear graph appeared to in-
dicate that a zero-inch pizza would, surprisingly, have a positive cost. This led to a ussion”of
fixed costs. In summary, qfiestions involving the term best offered a fruitful area ffdi::/ol\;ﬁig
students with real-world ptoblem-splving experiences. ° . ‘
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. R | An Analysis ofa @
SR - o Rate of Change Problem

~

Situation . ) °

] ¥ »
. ® ¢ -

-The following detalls0 how one person approached and solved a rate qf change problem.
Because many teachers do not regularly teach thls topic it is hoped that the problem presented will
encourage them to do so.
LY - )

, Before reading the solution one should attempt to solve the problem. While making this attempt

" - thg reader is urged to keep track of those strategies which occur at various stages in the process of
o solving the’problem. Of course, a variety of strategies are possible for any problem. But it may
,. prove instructive to compare your approach with the heuristics and strategies ldentified in the’
° . discussion which follows. - , ‘ , '
- ) ° * ‘ ~~ ° A

. Jnched per second how fast is the area changing when the triangle is isosceles?

N

» Undentandlng the i’robfem . B N

-

Lo Wgaf is given? A right: iriangle whose legs are initially flve lnches and 12 inches long. The shorter ‘
- leg Is inicreasing at the rate of one inch per second and the longer leg Is deaeaslng at the rate of
t@o inches per second.

s
’ f o : .
-l o

) . Draw a diagram Iintroduce suitable notation, The lengths of the legs dre varying, so let y represent
: 41~ - thelength of the shorter leg and let x represent the length of the longer leg. .

-~

- .

Inlﬁally y = 5 and x,- 12

:;. o » . o7,
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e the rhtes of change are specified in lengtfx per unit of time, we are also given, : " . .

v '

Dy = 1 inch per second, . . .!

o

< «  Dx = -2 inches per second.

* Creating a Plan ‘ :
% What is required? The rate of cha(ge of the area of the triangle at the moment when the triangle
" is isosceles. Since area is changing with respect o time, let A represent the area of the triangle.

We want, D,A when x = y, and where D,A denotes the derivative of area A with respect to time

t. One way to begin devising a plan is by reasoning arialytically. Problem solving involves making -
- a connection between what is given and what is requjred. Suppose we already have the rated
D.A, Dy and Dix related in some way, perhaps by an equation. Can we find some equation
which may have led to this relaﬁonshlp?‘Evldently, we need some connection between A, x and y
$0 tha\t we could differentiate with respect to time and produce.the relationship involving |
derivatives: (This is the method often tried for problems involving rates of change.) Is there any :
relationship between A, x and'y which can be seen? We are given a right triangle’ and we want to 8 . e
‘know serthlng about its area. Since y is the fength of its height, x is the length of its base and ‘
th?lar”ea of any triangle-is one half the height times the base (recall this result'from prior ex- .
perience and use it now), this is the relationship we want .

- y ' .
-, ; i X A= —;— xy. [ e . ‘)

o : | P |
. Carrying out the First Plan ' g
j e,

S . Differentiating with respect to t (area, side x and side y are all changing with respect to time, I* .
?

hence are functions of t, and it makes sense to differentiate ‘with respect to 1, we have
' ‘ DA = 21Dy = Dal. - ° |
. X -l
Now we have produced the connection planned for earlier; that is, we have connected the known
: rates D,y and D,x with the upknown rate D,A. Are we done? Can we directly find out what D,A \
. 1s? The terms x and y are also involved in the equation. What can we do with them? Perhaps we N
.. shotld'check back to see if we have used-all the availablé information. Checking, we find that we
“ have not used the original values of x and y, nor have we used the fact that we want DA when '1
the triangle is isosceles; i.e., when x = y. : .
So, it appears that we ar’é/confmnted with a new problem. We have D,A.related to D,y and Dx
(DA is the general derivativé of area with respect to time) we want a specifc value of D,A when x |
- = y. If we knew the specific values of x and y when the triangle is'isoscelgs, we could immediate- ' ° 1 : '
. ly find DA at that time by making replacethehts in the equation we already-have (analytic reason- - \ ’
SR ing). How can we obtain these values? Well, we cannof just replace x by 12 and y by 5-(the, initial
values) because the triangle is not isosceles in the beginning. What is really happening here? Since
one side of the ngle s increasing and the other decreasing, we can think of the triangle as hav-
ing sides that act like elastic or springs, where someone is stretching the short side at a eertain rate L
(one inch per second) and cdmpressing the long side at a certain rate (two inches per second). At * 1 :
some particular instant the sides are equal. Before that x is fonger and\y is shorter; after that ins- .o
tant x is shorter and y is longer. If we can find out at what time or t (lrx‘emnds) the sides are ’ l !
. equal; we might be able to find the lengths at that instant, and thereby solve the problem. "

4 * o
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Carnrying out the Second Plan

To carry out this plin, we mlght try sgne approximations. Initially, when t = 0 seconds, x = Lt
12 inches andy = 5inches. When t'= 1 second, x = 10 inches and y = 6 inches, since x is
‘decreasing at a rate of fwo inches per second, and y is increasing at a rate of one inch per se-
~ cond. We would continue this, but perhaps we can generalize. After t seconds, the vertical side is a
: oflengthy = 6 + 1t (the 1t is a rate times time, hence a distance); and the other side acts

similarly (only decreases) so it is of length.x = 12 — 2t. Now, we wanted to find the specific
s value oft when the sides are equal, so the problem reducesto that of finding t ug%er the condi- |

ﬂon. ! o

54 t=12 - 21, | ’

v, from this ' N Bte .
‘ R I

) therefore, * . C te % seconds.’ . .

i

Finally, we can now carry out the total plan. Since we know t when the triangle is isosceles, we can
N -§find x and y at this instant. We have,

7 22 ‘

] . y 5+ t=5+ 3 3 inches,
' cad 0 xm1z-zte12-2(2) - Zinches.
B C ‘ :
| : .
; 2> §ince we have- . DA = % [xDy + yl_).x], i ‘
r : - B ' '
. and we were given D,y = 1,Dx = -2, : -.

and we found . Xmym —2-2-— {when the triangle Is isosceles),

- »»-—[(22)(1) (2) (9] .
-3

s
o ) 2
" - - —3-— square inches per second. %
iy . . i . o \\

‘ l.ooldngBadt . o -

e,
, -
-~ o

. There are many ways of checldng thls result. First, is this result reasonable? The —11/3 implles
that the area 15 decreasing with respect to time."We can check several instances to see if this is

= T ¥ a
- . R et .

Att = 0; A = 30 square inches.

Att = 1, A = 30 square inches.
4 -
fan Att = 2, A = 283quareMes: o

7 Al , N

o . Att= 3 A = 26.9 square inches: . . ‘ .

. * v .

: - /
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v - . 3 - : o
. . . Att = 3, A = 24 square inches.

¢
-

So, att = 7/3, the area is decreasing with respect to time, and the rate of decrease d;>es appear

1o be about fouy'square inches per second.
4 ~

< Next, did we u?e all the information? Yes, the given rates D.x and D,y were used to obtain the
relationship, 'y !

: J DA = 1 (xDy = yDix).

-
o

With the initial values y = 5 and x = 12, together with the condition that the triangle be isosceles
=~ at some instant, we generated a method to find the“specific values of x and y at that instant. Try a
test of dimensions. In the expression,

S . ' —;— [xDy + yD.xl\

- * N

L]

Yo is dimensionless, x is in inches, and D,y is in inches per second.,‘ So we obtain square inches
per second-for the dimensions of xD,y. By symmetry yD,x is also in"square inches per second, so '
that the result D,A should be in square inches per second — and it is.

In addition to checking the result,'we can apply various.techr'ﬂqtfes to check the equations we
have used to see if they really raaresent the situation described in the problem. One method for
doing this, is lnvesﬁ@ating any symmetry in the data of the problem. Since x and y correspond to
the lengths of sides of a right triangle, efther could have been used tg represent the height or the

> length of the base. So, the roles of x and y are interchangeable. Is this symmetry (interchange-
. ability) reflected in the equations? Yes, since in both .

. ' A=t ’

. '. | : v

i and DA = - Dy + yDi] -
the roles of x and y are symmetric. ’ ) tt .

3 . Anoth check of the equations can be'dOne by investigating special cases. Suppose we hold
oné si ed and let the other change. For example, if x were constant at 12 inches, and y were

increaglng at the rate of one inch per secom\i‘ — we would expect the are& to increase, and

> .
DA = El- [0+ yDy. + 0] = El- {12 (1)) = 6 square lnr{xes/secorgd supports this expectation.
. Y < < h -

~

On the other hand, if y were fixed at 5 inches and x Qere"deereasing at the rate of 2 inches per
second, then since y is constant, Dy = 0, and :
DA = % (0 + yDix] = '% [5(<2)) = -5 square inches /-second. ’

Since the original aréfof the trlang]e was 30 square lnches,' it should take six seconds for the
triangle to collapse — and it does, since x is originally 12 inches long and is decreasing at the rate
of two inches per-second (the value‘gf)g Is zero fn six seconds).

. . . ™~
" . In‘addition 13" checking the result or steps of the solution, there are other ways of looking  back at

.. the problem. We, can vary the solution process by condensing it (ta<€e it at a glancg) of by at- .
. v e A . N

. -
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terpting to solve the problem in another way. For example,.a condensation might go as follows.
Given a rlght triangle with legs, to ﬂnd the rate of'change of its area (under special conditions),

»
kd

(1) use the-area formula,’ . -
(2) differentiate with respect to time to produce a relationship between derivatives.
(3) find the particular time-value for which the special, conditions hold.
- {4) use the values of time te determine the lengths of legs under the special conditions.
(5) evaluate-the derivative of area with respect to time.

In the problem just solved: area was a function of three variables, namely, t, x and y. Can we
solve the problem in another way? Perhaps we can express A as a function of t alone. Since both
legs are changing with respéct to time, let t represent tirhe ln',seconds Then, at any time t, the
side lengths are 5 + t and 12 - 2t (uslng the given rates, ~ 1 and 2). In particular, when the
triangle is isosceles, we have, - . .

- . . /‘6
5+t=12~ 2t .

t - -g-seconds‘.

Now, A=2(5+Y(12-2
[ 3

- (60 + 2t 7 267)
-30+t-t .

The last equation expresses A as a function of the single variable t. Therefore,

;o "  pA=1-2 °

-

Andwhent = 7/3,DA = 1 — 2([7/3] = -11/3 square inches per second. (We might note

_ that this altemate solution did not require implicit differentiation.) _

Finally, we can look.back at the problem to extend to analogous problems that whlch we
learned; that is, we can 4ry to vary the problem, inventing a new problem-analogous torthis one:
For example, we could take the case-where both sides are increasing and try to find the ime
when the longer side is four times as long as the shorter. Another yariation arises by dropping the
condition that the triangle beé a right triangle; or we could invent a new prablem by analogy to a -
physical situation. The following prdtlem is an example. Suppose one plane is 500 miles north of
Chicago and traveling northward at a uniform rate of 100 miles per hour Another planess 1200
miles east.of Chicago and flying westward at 200 miles per hour. How fast is the distance betweehn
the two planes changing when they are equidistant from Chicago?

- Another extepsion of the: problem (by analogy to three dimensions) gives rise to the next pro-
blem. Three edges Xy and z of a tetrahedron are perpendicular to each other and changing in

>

- length,. Suppose the initial lengths are x = 5 inche, y = 12inches and z = 17 inches. If these

sides are thanging at the rate.of one inch per second, ~4/3 inches per second, and —3 inches
per second respectively, what is'the rate of. change of volume wh\m*the three perpendlcular faces

<are allisoscales right tﬂangles? ‘ . /

s

* The foregolng solution was intended to demonstrate, by means of an example, the nature and
appllcathn of maxims (or Heuristics) employed in solving a rate-of change problem. *:

. 7
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" AnExample of -
Mathematical Modeling
in a Secondary Classroom

P e

. The following fs a first example of how one teacher, Paul Foerster, presents applications in a
realistic way, Such a process involves models. A model is something that mimics relevant features
of a situdtion that is being studied. For example, a plant collection, a road map, a geological mab,
a topographical map are all models that mimic different aspécts of a portion of the earth’s surface.
The'ultimate test of a model is how well it performs when it is applied to the situation and pro- .
blem it was constructed to handle. A person on a h ng trip might use each of the above maps

)

for different purposes. . £3

Here we are concerned primarily with mathem tical models, that is, models that mimic reality
by using the language of mathematics. The follo ng example illustrates important components of
the multistage process of mathematical modeling. The emphasis is not on, given a problem —
solve it, but rather on given a situation — study it. - e

A *

Situation - e /

Teenagé drivers {especially boys) are charged considerably more for automobile insurance ’than
adult drivers. -

This topic is almost guaranteed to arouse considerable student interest and discussion. In a

- brainstorming atmosphere many statements (or claims) will be tade and numerous questions

‘asked. From this cloudy, fuzzy, ill-formed situation it is possible to generate some fairly precise
problems. Examples of such problems might include the following. ‘

- -

1. Are young people reafly such dangerous drivers?

3
° )

2. What happens to rates after an accident occurs? -

.

- 3. Do students who take driver education courses have fewer accidents than other students?
: . » - oL
4. Dq high school drop-outs have more accidents'than high school graduates? S
» ’ . : -
5, How do,the insurance rates of parenfs differ if they include a teenager in their automobile -
Insurance policy? * . '

°6 Do middle-aged drivers have’fe}arei.achents than other age groups?

7 How are automobile insurance rates determingd?"‘

’ o

8. Where wo:'xld one find son":e'data about age of driver versus number of wrecks?

. (Discussion of particular strategies for formulating well-posed problems will be presented in _
. subsequent sections. Also, irv the discussion to follow much of the language used follows that used
, by D. Kerr Jr. and D. Maki in Chapter 1 of Applications in School Mathematics, 1979 Yearbook,
National, Council of Teachers of Mathematics, edited by S. S. Sharon and R. Reys. The purpose *
in using their terms is fp help teachers-find an easily obtained reference.) -
4 o - : :
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.

* Devising a.well-formed problem from the cloudy situation is perhaps the most significant stage in N

. the modellng process. Kerr and Maki (1979) stress that much modification and simplification go  *

‘ into obtaining a written description of a reasonably precise and succinct problem — which they call -

a real model. Fot Kerr and Maki, a real model is a problem expressed in realworld terms (hence,
the modifier real) but is still a model because not all aspects of the original situation are likely to be
incorporated into the problem statement. Let us assume that after many conslderations {and trade
offs among these considerations) of the-situation, the followlng problem Is formulated

the driver.and do younger drivers have more ggtidents?”

-

o | 3

il This problem does not lnclude the mention of money or amount of insurance rate whichswas in
the original situation — but it clearly relates to that topic. Kérr and Maki state, “After a real model
has been formed, the words and concépts of the real model are replaced with mathematica} sym-

) deals with-mathematical objects (sfich as sets; numbers, geometric shapes and function’s) and with'
~ _ expresslons that relate these objects to each other (for exampl¥, equatibns, graphs, transforma-
°  tions and tables)” (p. 1-2).

. " To mathematize the above problem, students might be asked to sketch a reasonable graph of
» how the number of wrecks (vertical axis) relates to age of the driver (horizontal axis). Let us
assume that after discussion the following graph is-presented. .

- s

.. . X . . . .
, i .
5 . N
3 ‘ [ »
Number
. of -
. ' . Wrecks
. e <’ N
N &
L] - ' <
\ - : . ‘»y :
. oo Minimum . *w Age
: ’ N Driving Age ' ) -

Figure 2.

>

o ' The graph looks like a parabola Assume, therefore, that a quadratic function will serve as a
- - - reasonable mathematical model. . . . ¢
] -

Lett = age of driVer in years; < : “s

.

Let W - number of wrecks per 100 million km. -

-

Apprapriate units ean be determined by seeking out data and noting the units employed In report-
lng values of W. Thus, the general equation is the following.

3
~e -

W= at’ +bt+c ',_ Y v
"To find a,bandc one needs three ordered pairs Assime that the following data has been ob-
tained. =~ . . . e
- p.14‘\ R . - 4
A .3 "~ . -
* 35 . Do o
+ L ,; R v s .\ a

. Rgal Problem or Real Model: “Does the likelihood of having a car wreck depend on the \age of )

’ . II bols and-expressions. The structure that results is a mathematical model. The mathematical model ; .

» ”'

[}
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Tudy

OQ.E “QE:.{":'- ¢ \
.-:; LI .
a L3 ™ .
N Data: t ‘W ‘
. ) 3, ~ , 2 ' 440 -
30 280 ‘
. . 40' 200 ‘ ] .
Subétitutle data into W = at* + bt + c. . R ™S

) ~400a + 20b;»>é =,440,' .

< : =
. 900a * 30b + ¢ = 280, / 1@:5?&' S
) 1600a +40b + c = 200. s ST
éo;vlng thls system gives . - T - . ‘ - ' -
B , L a= 04,b= -36/c = 1000 7 ' T
Therefore, the particular equation Is .
. . ’ﬁl:o;gv-ssumoo. T

.

The mathematical model is ready to be used in the next stage of the modeling process./
\ o . o . o
4] N - g

Conclusions s : .

b
cted .one applies mathematical tools and techniques to

odel. Next, one tests these conclusions with the real world
the model is providing useful information. If.the information *

eling process must be reconsidered. Often one must cycle

After a mathematical modet is con
determine conclusions based on the
situation and problem to determine
is not useful, then the stage of the

e

thgvﬁ‘iﬁ"tﬁ\e stages many fifnes until acceptable model (if one exists} is found 2 T
- o~ <
“Let us apply the e fliation .
'\ - 9 . s oS .
W = 0.4t - 36t + 1000° oo
%to arrive at gc%?cluslon's for the followfing three questions., ‘ ) ., o~ )

Ve

. vk
o

o_.

1. According to the mode), who-is safer, a 16-year-old driver or a 70-year-old driver? -

Y It = 16, thei W = 526.4° ‘ 0

Ift =70, then W= 440: ° = * . - ‘ .

* v e
- N

{
Conclusion: 70-year-old drivers appear to be safer
‘2 What age is safest according to the model? E ‘ N
The vertex of the parabola is ‘at (h,k) '

- —‘—-uh——- —mt——— —36 - » '.‘ *
where h e 08 45 ‘

«

, Conclusion:-45 year olds appear to be safest. )

4




[2

3. An insurance agency decided to insure licenseci drivers up to the age where the accident rate’ ‘
reaches 830 per million km. What ages would they insure? This problem calls for determining a

domain for the quadratic equation )
. . ' " ' 0.4!‘—36t+‘1000-830," .
. - L £ - 90t + 425 = O, —
e _( ' -\r . (t—5)(t —85) =0,
",,7 . o A .t-Sort-;85.
) E But<this problem specifies licensed drivers. Therefore only one solution of the two positive solu- :

tions applies. Conclusion: Domiain is 16 s t < 85.

. . , Y
. j‘ At this stage students should discuss how well the conclusions of the mathematical model il-
- luminate the original situation. What predlctions can be: made based on the model and conclu-
.sions? For example, how many wrecks will even the safest drivers be likely to have?
. o . N
Questions about data should be discussed. Examples: How old? How religble? In particular,
how were values of t and W determined? How do other available values fit with the assumption of
a quadratic function? Does the model reflect naﬁbna]/trends? Would data on state, cqunty, city or
school locale be more important.in determining charges for car insurance? What function other ‘
thari a quadratic might serve ds a mathematical model? Should the model be' reconstructed based
" on a different problem which better addresses the original situation? What other related
? ’ phenomena would likely be modeled using a quadratic equation? For example, how is the ©os
average amount pald per accident by insurance companies related to age of driver? Can any deci- . ‘ .
sions or recommhendations be forthcoming from this medeling exercise? For example, should
students take driver education courses?

’ . Ahost of other related questiond can be raised. A career question might be: What is an ac-

i oo . tuary? Mathematical questions can’be asked abgut the formula for the x-coordinate of the vertex
, : of y = ax? +.bx = c. For example, what happens when you average the two values of x ob-

) tainad in applying the quadratic formula? What does the axis of symmetry lie halfway between?

- , What fortfiula yields the y-Intercept of the vertex?

Many believe 'thatb applied mathematics is the art of model building. Clearly this mode of apply-
ing mathematics is quite involved. Further, the tradjtional vehicle which claims to present applica-
’ tions in'mathematics, namely, the word problem of the mathematics textbook provides little ex-
‘ ! posure to the model building art. . T ' .

_ . In general, aeal application typically begins with a cloudy or ill-formed asituation arising from
A some problem in the real world. Figure 3 presents a model of the multistage modeling process and
indicates that the first stage Is recognition of 'some real-warld situation.

° d

4




Figure 3. Mathematical model building for the classroom.

After deciding to deal with this cloudy situation, one proceeds to formulate a real-world pro-
blem. Such a formulation is usually the crux of the modeling process. A problem which one can
reasonably deal with is only obtained after many simplifications and trade offs. Thus, the goal at
this stage is to construct a wasonably precise (usually written) problem which incorporates those
elemengz of the original situation which require investigation. As stated earlier the problem con-
stitutes a real model; real in that it is usually stated in real-world terms, and model in that not all
aspects of the original real-world situation are incorporated intG the problem. )

Replacing the words in the problem or real model witli mathematical symbols and expréssions

sleads to the mathematical model. This model often involves equations, inequations, relations,

graphs and so forth which interrelate mathematical objects (such as sets, numbers, functions,
geometric shapes). - *

EaY
Figure 3 shows that after the mathematical model is constructed, one employs mathematical
techniques in order to amrive at conclusions based on the model. Applying mathematics to-the
model ‘may involve such-processes as making deductions, solving equations, estimating

parameters, evaluating relationships, analyzing data, simulating processec and making computa-
ﬂons

The conclusions obtalned from these mathematical tools and technlqu&s are then tested and
compared with the real world to see if the model is providing useful information or insight into the
original situation. If it is determined that the model is not yielding useful information then each
‘stage of the niodeling process must be reexamined to obtain a viable conclusion. Perhaps the pro-
blem needs to be reformulated or a different mathematical model may be constructed. One might
obtain a different concluslon if a dlfferent approach is used at the solution stage.

- - 2 ————
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3

- In real applications it js often necessary to cycle through the entire process many times before
“an acceptable model is obtained. , -

In classroom settings another step is often added to the model-building process. Kerr and Maki.
state, “In this step the real model is further simplified and put into a setting that will be interesting
and comprehensible to studénts and that will require the mathematics that the teacher wishes to
apply. This step results in what we call the classrodm model” (Kerr and Maki, p. 2). The example
presented earlier concerning accidents and .age of driver illustrates such a classroom model. The
next section presents a collection of classroom: models that illustrate the modeling process.

-
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An instance where determining a solution to a system of linear equations leads to solving a

Kirchhoff's Laws

portant applied problem. occurs in the analysis of an electrical network.
. ¢ 6 ,

‘s

Situation

. . -

a

5

\ .

_‘/’

n im-
<

In the canstruction of électrical circuits it is often necessary to connect several resistances and to

analyze the current flow.

Problem -

PERY
!

.current flowing into a junction must flow out of it.)

‘ 2. The algebraic sum of the R, (R denotes rééistance,

equal to the algebraic sum of the voltage'in

Consider the circuit in Figure 4 where the batferies

- N

Twd laws freq.uently used in the analysis of electrical circuits are Kirchhoff's laws.

o

Figure 4.
(dehotéd‘ —'i p—

T the circuit? ' .

Model 4

’
a

P-19

~

.

40

g

A | ‘ = oy
5! P j — —ann-
. o iy 8.volts O
. 2 ohms
‘ - ) . \ P
. s . .
& 2‘ ohms’
. . 1 ohm
{s
g MWV———ye
. _ )
\ '\
.4 ohms 16 volts
_N;__/\/V\/ g | —
. - e

e the current entering each battery will be the same as the current leaving it.

@

i current) around any closed path is
the path.

1. The algebraic sum of all the currents meeting at a junction is zero. (In other words, all the

°

are 8 volts and 16 volts; the resistinces {denoted Mate one 1 ohm, one
4 ohm and two 2 ohm. How does one determine the curfents i, i, and i; which are indicated in

v




Applyihg Klrchhoff's ﬁrst law to each juncﬂon.
JvunctlomB i + i; - I, = 0, ﬁ
Junction C-_ W -f=0 @
Applglng Klrchhoﬁ’s second law to varlous paths
Path ABCA . 20+ 1y + 21, = 8,

Path DBCD. 44 + liy = 16. /

2

s N >

.. The problem thus reduces to solving the systerni of linear equations.

‘ Conclusioq

. 4
A ’ ' i

The solution ;mé”amve systemis iy = 1, ;; = 3 and iy = 4. The units here are amperes.
The solution Is unique, as is to be expected in the analysis of such a situation. A negative current
would imply that the flow was actually in.the direction opposite to the one initially assumed. Of #
course, in practice, electrical networks can involve.many reslstances and the problem involves
. solving a large system of linear equations.

Was it noticed that the applying Kirchhoff’s’ laws lead to- having four equations in three )
unknowns? However, the system was such that a unique solution was obtained. Is this an unusual
or usual happening when applying Kirchhoff's laws? Who was G. R. Kirchhoff? (He published his
" laws in 1847 while at the-University of Kdnigsberg and,lnvented the concept of tree which Is so
lmportant in network analysis. )




'  Traffic Fl;w
Du;:ing Peak Periods

79 v 2—a*

b . The concepts and tools of network analysis have been found to be very useful in siich areas as
. information theory, operations research, management science and computer science. The follow-
S ing situation deals with an afiplication of network ideas in the study of trahsportation systems. The
. conclusion shows liow a system of linear equations with many solutions often arises in real-world .
i problems. N C .

“
-

'Situaton e

.

How can one carry out an analysis of traffic ﬂO\;J through a road network during peak perfods?
Problem i

R To simplify the situation assume that all the streets are one-way, and the streets form a grid (or
", ‘ - rectangular) pattern. To be definite, consider the city road network in Figute 5. The arrows in-
L dicate the direction of traffic flow. The figure also shows the traffic flow in cars per hour for the

3 peak evening period. For example., . o _—

0 ¢ )
2 . .
Fo 20 . 100 - 100
I Y. X % Y
‘ Ay
'A ! B \C
400 p— SO ) . 4 » 600
e < e
T T T xY &4 XJ(
b3 » \ ¢ 'y
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400 plus 200 cars per hour enter junction A. Our task is to constract a mathematical model that

describes the traffic flow in all branches. It is reasonable to assume that all traffic entering a junc-
tion must’ledve that junction if there is no congestion

Mathematical Model

Let x4, X3, . . ., Xs denote the traffic flow along the various B?anches. Thus x, is number of cars
per hour that travel from junction A to junction B during the peak period. (See Figure 5.) The
assumption that all traffic entering a junction must leave that-junction is called the conservation
flow constraint. (Compare it with the first of Kirchhoff's networks. s.) This constraint leads to the
following system of linear equations. ——

Junction A Xq 4 Xs 600
Junction B % ' 100

Junction C ' 500

Junction - X 200
Junction E Xy  —Xe

Junction F : ' Xe + —Xs . = 600
aer 4 . . ’ &
~ The first equation above is easily-obtained after students note that x, and xs flow away from .
jurtttion A while 400 + 200 = 600 cars flow into junction A. Therefore, by the conservation flow

constraint x; + X; = 600 The equation for juncﬁon E derives from 800 + X3 = X4 + X
Conclusions ‘

~

Even if students do not know a method for dealing with large numbers of equations {such-as

"Gaussian elimépation) it is quite-easy — using substitution anhd addition/subtraction techniques -

to express, say, each of x,, X,, X3, X¢ and X in terms of x¢ and x,.- {(Again, a main point of this
problem is to indicate that solutions to systems Qf equations which model the real world are not _
always unique.) _ '

By adding the second equation (junction B) to the third equation (junction C) we have

Xpt = 600 - X¢ + Xig.

From the third equation we see

LR

x3-500+x1.

From the fourth equation we obtain

3

o~

X3 = —200 + x,. .
» . » 5;’
From the fifth equation we have

. x4-800—x.+x3
= 800 — x¢ +(~200 + x)°

= 600 — x¢ + Xy.




<

- .
s c N

" From the sixth equation we obtain ‘-
. . . .
N x.-600-x. ' N .
: . =600 = (600 - xq + x,)
e ’ = X = Xy. i .

’ *

-~

o In sum;'nary, we have th following. -
& X1 = —X¢ + X; + 600 c» C -

! ~X3-X7+5(x\)'

O o Xy = Xy - 200 . s ) . .

4 Xe = —X + %Xy + 600 ©ud )
i ‘ ;‘l - );o - X, > t ¥ ) » .
L . Itis interesting to note that x, = x,. Of cotirse that could have been obtained by merely sub-
Ao ~ tracting the last equation from the first in the original equations. H >

A typical use of the solution set could be as follows. Suppose road CD was scheduled for repair
or widening or some other work. Then it would be desirable to minimize-the flow x, of traffic
along CD. Assyme flows along other branches can be controlled or latéred in some way to handle

.o the effect of less traffic on CD, e.g., through traffic light patterns at other junctions or through use
o ’ of fewer available lanes on CD. . ' . -

‘ I;x order to consider how to minimize the flow: x, examine x, = x, ~-200. Since all flows must
be greatér than or equal to zero. the equation implies that the minimum flow for x, is 200, for
otherwise x, coﬁ\ftbecome negative if x, < 200. (A 'negative flow can be interpreted as traffic .
e noving in the direclion oppesite to the one allowed on the one-way sieet.) Thus road work must,.
-+ permit a flow of af Jéast 200 cars-per fgur on the branch DC in the pesk petiod. -

What is the effect on the other branches f x, = 200? N : ‘ :

-

Then K= —x 4800, - * » . ’
. . L . o .
. " ) - - X3 = 700, “ . . [N
# d w» ‘
X = 0,

* x“ - ‘X. + 800 . ).n . :
: e - . aﬂd. x' - x"- \200.' '_ S &J“l ’ . o -
Thus to obtain a minimum flow x, = 200 one must‘se‘t X = 0, J.'e.,fclose_ED and x, = 700. \
Al The remaining flows are not uniquely determined. If we set x, = 300, say, thena feasible set of

Cane * -flows would be x; = 500, x¢ = 500 and x, = 100. Make a sketch of the road network and
detesmine if these values of x,, x,, . . ., , satisfy the conservation flow constraint. Note that"in
this case, X; + X; + X3 + X4 + Xs + Xe,+ X;°= 2300 cars. Is this the maximal.number of cars
. that can be handled during the peak ‘period? As.a project, a student‘(or the teacher). could give a
\ repoyt on-the famous Ford and Fulkerson Max Flow-Min Cut. Theorem which treats maxitnal flows
:’ through networks — uging many of the concepts p,rue:%ted above. -
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: w | A Simpliﬁed Classroom Model of ®
AT IR the*Peélt Period Traﬂc Flow Situation | y
' Slt}ﬁﬂon
PR This situation is identical to the previous one¢onl§ythat it is simpler because it deals with fewer
4 . junctions, branches, flows and equations h would be used either in the classroom or as a
. homework problem. s . .
Pri)blem ‘ - J:"N‘ ’ ¢ *
R N Using the ideas presentegd in the previoﬁs section, Traffic Flows During Peak Periods, construct
. . a mathematical model that describes the traffic network inFigure 6.
- - 200 w0 - L
: . ’ Y | .
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o PR )
Ky
[ < /‘ u
- - e e . ’ e - x
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. L Figure 6. h
‘ mmuiuucal Model - o N .
\ - T !
Lo ! - Let x;, X,, x?and»x.dengte flows as shown in Figure 6. Applylng the €o! ation of flow con= .
« stralm wq,have the following system of equaﬁons \ ’ -
-.Junction F 7 % + 2 = 300 (1) -
. ) - Junction Q _Xn J + x N T o=250. (9
JunionR -+ . x4+ % S =100 (@
L Junction $ . - : ‘N-'-"i;,% \)\"’i{ X3 +) . fx, = 150 (4 ' :
_ . . ‘-.: LN P . . , \\ -
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A solution in te;ms of, say, x, is ,s'fonow,‘?w . PN ’. |

—

- x.--x.+300' ) (7)

Equation'(5) comes from equation (2) above, equation (7) from equation-(1). To obtain (6) we
merely note from (3) and (5) that : : . .

e Xs = 100 = x; = 100 - (~x, + 250)

.A - Xy - 150. ) ' -

What if road work was-required for PQ with flow x;. That is, # 'we wanted to minimize x,, equa-
tion {6) shows that the smallest.possible value fot x, is 150. If x, = 150, then x; = 100, x; = 0

(i.e., close RS)7 and X, = 150.

] ' !{ we wanted to maximize X, then x, = 250 since junction Q can only absorb that number of
cars in this model. To obtain this value for x, we would have to close QR so that, frorp (5), xa =
0. Also#x, = 250, then from (6) and (7), respectively, we have x, = 100 and x, = 50. -

Thus if we assign some value to x, the other flows are determined. For example, letting x, =
200, yields xa = 50, x; = 50 and x, = 100. Note that in each of the above three instances (i.e.,
when x; = 150, x, = 250, x, = 200), that the total volume of traffic was 400. Examination of
equations (1) and (3) shows that x; + xs + x; + %, = 400. Can we condlude that the maximal

. flow isin fact 490? ' .

¥ . B ~

Numerous projects can be developed arqﬁnd the idea of traffic flow. What are some traffic pro-
blems within a school, e.g., hallway, cafeteria. Is there a street intersection which, in your opinion,
should have a traffic light? This last question is a golden oppoxtuljity for students to gather data. .
(A stopwatch would be helpful.) Traffic engineers can be consulted. Many factors such as safety,
costs, convenience and legal constraints are soon encountered. Of course, air traffic continues to

be a challenging situation involving such concerns as air-traffic control, airport location and air
safety. . : '

-
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" forc ey carry that they will bé neglected in analyzing the distribution of forces over fhe bars.
"o Assume, ,also, that each bar is in equilibrium under the forces at its two ends. Hence, these two
factors acﬁng along the bar are equal and opposite., The bar itself exerts equal and opposite forces

at its end joints. They may both be outward or both inward. The force in the bar is called a stress.

" %moted by A How can one determine the stresses in the bars?
20 Tons

. . A . ' - R '.
V-( 'N S
45°145° . ‘

14

’////////////7///////////////// :

Flgure 7.
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Consider-the framework in Figure 7, Which carries a load of, say, 20 tons at its upper joint,. .
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Mathematical Model °

Consider the joint A. Intuitively, one can see that the forces exerted by the two bars at this joint
must be upward in order to balance the 20 tons if the framework is going to remain in equilibrium.
By the symmetry of the situation, the forces exerted by the bars are equal. Label these forces p.
The forces at B and C are labelled p, q and T as shown in the figure. The student should be able

. to see that these bars either push or pull at the joints. At joint A, since its in equilibrium, the 20
tons must be equal to the sum of the components of the ps in the vertical direction. The compo-
nent of p in the vertical direction & ‘ -

{o] __L
p cos 45°, or N)

) . . . ,"

The component of a force in a certain direction is that force multiplied by the cosine of the rele-
vant angle. (If students have not studied vectors, this problem or some similar problem, provides
an opportunity to discuss analysis of forces via simple examples.) Hene, for joint A, ’

. <

p + p g\20.

. — ) ®
I VA
Novy examine joint B. Porces in the vertical dltectlc;n give p cos 45° = 1, or

p - r =0

—

.z

°

K
¢
e

a.

+ Hence the problem reduces to solving tig systent of linear equations.

. Q{
P = 10v2

VR _ -0

P .
E sl .0 ﬁ ~
- o

Conclusions_

] P
)

The systefn has the, solution p=10V2,r = 1@, q = 10.

- »

* . ¢ . »w .
o I negative number for any stress had been obtained that-would imply that the stress is actually

inthe_direétion opposite to the one assumed. Thus the correct initial choice, of directions is not

“crucial to the final analysis. ' '
. . .

The ac.tug;_stressgs in the bars themselves are necessarily equal in magnitude and in a direction’

opposite to, the forces exerted* by the bars on the joints. The stresses in the bars are represented in

’ -
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fg‘. Mathematical Model . . - e

. 10/2". The probability of selecting exactly 8 win Is (§/2' = 45/2'%

~

}, Foof_balt.Péqls and Dumb Gﬁmblérs |

o
A\

Football pools are orfe of the most popular forms of gambling. One type of pool is the follow-
ing. A list of football games is printed on a ticket. For each game the team judged to be weakest is
given sufficient points to make that game a toss-up. For example, if Team A is a 15-point favorite
over Team B, thep Téam A must win by over-15 points to be judged a winner in the pool.

. ) . b R

pro ' ,« .

*

- A player is trying to decide between the following two options. ~ ) ‘e
N Option 1. For $1, a player selects four tesms he expects will win from among th; ten games
- . printed on the ticket. Thus six of the games are ignored. If the player’s four selec-
tions turn out to be winners, $10-is returned to the player resulting in a $9 profit; «

otherwise, the dollar bet is lost.

Option 2. For $1, the playér tries to pick all fen winners. In thls‘cAse. $150 is returned if the
player succeeds in correctly, choosing all winners; $20 is returned if pine of the
- ten winners are selected. In all other cases the dollar bet is lost!

‘Which of the two options, the four game or the ten game, is better for the player?

+
/ I

.
. < LY -
& o 4 4 L > S .

. ® @’ R . ‘e ”, 7 . .
sAssume. that for each game selected.the player has a'V2 thaiiice of being a winner- Also assume
) that each game played is independent of the-other games. For simplicity assume that. ties are not
allowed. e L 7 -

. o >
R SO TN y o :
. . e . IS 3
N e RSP - © g

Option A is consideréd better than option B if ﬂ%a@exag‘ggf@t or expectation which Baﬁ;alayer :
can expect is greater for option A thanoption B. Let E{4 gané)-3ghotg this expected average °
+profit for the 4-game option.* Then, it is easy-fo show that E(4 game) ‘= 9(f/'16£)%f {-1)115/16)
= ~6/16 = —0.375. . . ST e S

Thus the player loses an average of 37.5 cents for every doM betez%%«/f’ i ‘:g? . "‘e"

ek,
~

g

&
, < (-_ R . L3¢ Y
For the second option one notes that the probability of picking ten winners fs"_(i/z):ecor :/z“',‘ and

" “the probability of picking nine winners is 10/2%. - RN by

. . e 4 , @ a% .
", ( Remark. The probability of selecting one winner is 2. Because it is asshmed that games are*
," indepeéndent then the probability of picking 10 winners is (¥2)*°. To select exactly 9 winners ou
10 games is the same as the number of ways one can select exactly one loser, which is the coriy.»
bination of 10 games taken 1 at a time or J10. Thug the probability of selecting exactly 9 winnefs is
M 5 U
Thus, the playér’sp expectation E(10 game), J.e., the second option, is ‘ A
/ . ) e 4
E= 149(142"7‘4- 19(10/2'9) + (-1)(1~ 1/2) = - 337, . -0.658. '
! : 512 ) ..
/ , . ’ . LT
Thus, employing the second option, the player loses an’ average of 65.8 cents per %y

@
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Between options 1 and 2, it turns out that.option 1 is much better. Of coutse in both cases —
.- as with all gambh'hg sltuatlons ~ the expectaﬂon is negative. (The house always has the edge')

Comparison of faotball pools with other forms of gambling, e.g., craps or roulette, shows that
" overall, pools represent a very poor form of gambling. (Note: We ignored ties. In practice, if there*— -
is a ﬂe,_the player loses So the situation actually is worse than lndlcated above.) »

Another popular form of gambllng is the Numbers Racket where one attempts to select a 3-digit
number. If $1 is bet, then the payoff, say $700, leads to the following.

999

E(select3digit number) = 699 ( 1000 ) + ( 1) (5500 ) = —0.30

This is a very Insidious situation which often preys on low income earners.”  +

~ Good resources for classroom discussions of gambllng arerthe vice squad of a police depaﬁment

and other enforcement agencies. .
I's ° ¢

The next'collecﬁons of problems are iricluded because they deal with Msﬁng sltuaﬂons and
they are fun to do.
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» AN Problems for Students -

The Lion and the Unicorn Problem B
™

~
-

- In chapter three of Lewis Carroll's Through the Looking-Glass one finds Alice'wandering
around the Forest of Forgetfullness, where she is unable to remember the days of the week.
Assume she meets a Lion, who lies on Monday, Tuesday and Wednesday, and a Unicorn, *"who
lies on Thursday, Friday and Saturday. All other times both animals tell the truth. The Lion states,
“Yesterday was one of my lying days.” The Unicorn says, JQ’esterday was one of my lying days
too.” How can you help Alice deduce-the day of the week? .

Hlnt:‘Consider what days each animal.could make their statements if they were telling the truth or
if they were Iying.‘ e .

_Solution . ) ‘ ‘ |
v - 4 ‘v . - )

The Lion can say, “I lied yesterday” only on two days: Ménday (if he lied) and Thursday (if he -

told the truth). Similarly, the Unicorn can make the ‘same statement only on Thursday and Sun- -
day. Thus Thursday is the only day on which both the Lion and the Unicorn can make the state- |

ment. 3

. v N . ‘
- 4 .
Lot N

The “Shoot the Gaﬁ”‘Problerh

-

.

The following Incident occurred in North Carolina. An automobile was traveling at a high rate of
speed on a level highway when it encountered a 25-foot wide washout. The driver tried to “shoot .
the gap” but missed by one foot. (See Figure 9.) Alaw enforcement agency exj-nined this acci- -

. dent. One of their questions was, should the driver get a speeding ticket?
L

-

» 25 ———»| o~
Y . ’é i
Figure 9. : - . 50

- .

a2

They approached a professor who made the following analysis:, During the pe}iod wheggthe car

travelled from one edge (point A) of the washout to the other bank (point B), it fell orf€ Yoot. o
Because of this, the professor agsumed the car can be treated as a freely falling body t order to
* determine the time required to this distance.  The formula for the distance(s) a freely falling y
. body drops in time (t) is s = 12gt*. Substituting 1 foot for s and 32 feet per second per second for ’ S
g yields - :
- . > P31 ' : , ‘




- ‘ 1
'I:hus 2 = 16 and

-

C1 \ .
1 - eae o \ S

L

_ Hence, the car was freely falling for /4 seconds But since the car travelled a distance of 25 feet

d.=nt 8 .

25 -r(-}T)or

r = 100 feet per second.

.
-

To find r in terms of miles pér hour the professor did the following.

100 . x60 % .xen M0 x ] mile 68.T§mllesperhoure,‘
-  Sec. min. hour 5280 ft. g

To check his work he recalled that 60 mph is equlvalent to 88 fps, and then sogved the following
proportion.

(0 Lx

W e

80 100
or X -68‘.i§mll§perhouro -

Since the speed of the auto exceeded the federal speed limit of 55 mph, the professor advised
the law enforcement agency to issue a speeding ticket tc the driver of the car.
&

Questions
. What simplifying assumptions were made,in the analysis of this problem?

. If the washout had not occurred on ‘a fevel highway but through & hill, what minimum
speed would guarantee a successful ‘jump” (a la Evel Knievel) if the gpgle 0 (see Figure 10

below) were known? / . .
. Conversely, if the jhmp }nas successful at a given )@K,what_ls the value of 67
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" plajed ona 4 x 4 x 4 cube. How many four-ln a-ro

4

The Impossible Problem

.

Can one solve the imposslble problem? Two numbers (not necessarily different) are' chosen from
the range of positive integers greater than one ahd not greater than 20. Only the sum of the two
. numbers is given to mathema{iclan S. Only the product of the two is given to mathematician P.
On the telephone S says to P,/7 see no way you can determine my sum.”
An hour later P calls back tg/say, “I know your sum.” .
rt, “Now | know your product
What are the two numbgrs? ~

.

(.See Scientific American, December, 1979 for a discussion of this amazing problem.)
Knlght and Knave Prpblem .

A’logician comes upon two men on an island inhabited only by knights, who always tell the
tryth, and knaues who always lie. The logician asks one of them, “Are either of you knights?”

When the man — call him"X —lresponds the logician lnstantly knows the answer to her ques- s

ﬁon ‘ ¢
L 4

-

T o '“

-

a. Is X a knight or a knave?
b. What is the other man?

Hint: The key to solving the above problem lies in the fact that X's answer enabled the logician to
find the solution. . ]

SOlllﬂOﬂ ¢ . ) ™ -

If X's response had been yes, the logician would not have Ieamed anythlng (fXisa knlght
one or both of the men could be knights, and if X is a knave both of them could be knaves.),
Thus X must have said no. .

t

"y
An Insightful Solution . T - C N o

¢ N M -

A

Now if X were a knlght he would have had to say yes, but because-he said nd he must be a
knave. Further, since he is a Knave his no must be false, thus at least one of the two men must be
a knight. Therefore the other man-is a knlght

Situation

o

Perhaps one of the most gratifying experle’nces for a teacher occurs when a student devisfipa
truly insightful approach to a problem which yields ah elegant soluﬁOn An example of such in-

£

sightful thinking was employed with the following: - ) ) o

“

1 . .

Problem

N
*
9 -

The usual tic-tac-toe game is played on a two-db’nenslonal grid configuration. This game is won
by placing either three Xs or three Os in a row. There are eight three-in-a-row lines on the con-

ration Which may yleld a win, i.e., three horlzontaf lines, three vertical lines and two dlagonal
lines. Additionally, there is a commercially available three- dimepsional tic-tac-toe 'game which is

nes are there throlxgh the cube by which
this game may be won?

3
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X

»~_unit cubes in the shell, namely ! Coe N
: - R - 21&:’-&:_ 26—

(.
‘\Hlthemeﬂcal Solution
There a variety of ways to attack this countlng problem — most of which are quite com-
plicated and involve many cases. A brilliant approich employed by young Leo Moses was esserw <

ﬂall?rthe ollowlng Consider 4 6 x 6 x 6cube which encases the given 4 x*4 x 4 cube with a
shell.of juriit thickness..If one extends in tio diréctioris a wihning ling in the inner 4 x 4 x 4

cube ; to the’ outer shell this line pierces two of the unit cubes in the shell. Also each unft'cube in T

the shell is pierced by only one winn
"* of unit cubes in the outer, shell“'and

line. Thus each winning line corresponds to a untque pair
number o winning lines is simply one-half the number of

r-‘\

This approach can be generalized to show the number of winning llnes for a.cube. of edge kin n-
dimenslonal space is .

’ 22*»;

v

Conclusions - ) ’ -
A teaching strategy which may be used to aid students in discovering the above approach is to
have them'place a border of unit squares around 4 3 x 3 grid corresponding to the usual'tic-tac-

toe game. If a student determimres that each 3 x 3 wimning line, when extended in two directions’
on the 5 x 8 grid, corresponds to a unique pair of unit squares in the outer border, then it

follows that the number of wlnnlng lines % one-half the number of unit squares‘in the border, ’

namely

]

-

Y

25-9"_ g

2

2

Such work with two-dlmensIOnal cases has led some students to examlnlng what' occurs when

one encases a thr;e-dlmensional cube with a shell of unit ﬁﬂckness

®
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The Ferry, Bonts Problem ¢ "
Two ferry boats travel back and forth across a river at qonstant speeds. Without any loss of

time, they tutn at the river banks, When leavi te sides of the river,at the same time; they -
meet for the first time 700 feet from one side of the river. They continué on their way to the .

- banks, return and meet a second time 400 feet from the opposite shore. Determlhe the width of

the river.

SQ_lutlon

- e

N

.

3

.t

.

b

-

\

(

When the boats first meet, the total distance both boats have traveled is just the width of the
river. Sy the tine they meet again, the tofal distance the boats have traveled is three times the
width of the river. Since the boats are traveling at the same speed, thefr second meeting qccurs
aftér a total time that is three times as long as the times for their first meeting. The first boat, ferry -
A, traveled 700 feet to-get to the first meeting. Ferry A would go 2100 feet or three times as long
to get to the second meeting. When making the second meeting, A goes all the way across the

“*" river and back 400 feet. The river must be 2100 — 400 = 1700 feet wide.

» ~
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' . Strategies for
Helping Students Learn, Mathematics \

One of the fundamental goals of all mathematics teachers should be to teach students how to
lwsu ematics effectively and efficiently. This is a difficult task since mathematics is unique in
respects and requires approaches different from other subjects. The statement, “No ane
B -teach a student: mathematlcs but the student may learn mathematics;” is a meaningful insight
’ to keep in mind. Even tﬁough students hear, read or see the words or symbols of a lesson these
___may remain mere words or symbols unless the students are able to intemalize them 1, Students

—-—need-to-develop-skills-that will aliow them to-z acﬁvelyparﬂdpa;e irthe leaming process. The
. discussion which follows proyides practical suggestions for helping students learn how to listen,
read, study and communlcate mathematics.

", Since classfoom intstruction lnvolves a great deal of.verbal interaction, it is important for students

° to develop good communication skills. Active partieipation is the key element. This requires ~
. students to listen to discussions, ask questions, try to discover relgtionships, anticipate thé' next
- step, take notes (i.e., identify important idea¥ and examples) and reflect on the topic being

_ -discussed. To help students improvestheir listening skills, teachers must seek to involve, students

" < and encourage their participation. 't is for this reason that verbal interaction and questioning are~ .

often considered the heart of teaching. Suggestions are provided in the following secﬁons that
should prove helpful. . ,

N
s v i 13
‘ . - v
-

v Provldlng Motivation ° ) ’

One key ingredient to active involvement is getting students interested in the topic. Some
teachers fall into a habit of starting a discussion in the same way over and oVer. “Yesterday we
studied " “Today. we.are goinig to study.. . .” “Open your text fo.page . . .” “Notice that

: today's lesson frivolves . . .” Teachers should use a variety ¢ of techniques to begin the discussion
. such as games, problem situations, puzzles, applications,. discovery situations {(How could ¢ou find
° how many without counting?) or a'challenge (Can.you find a technique that always works?). A °
card file or ‘notebook of ideas for introducing lessons on various tqlcs may be helpful. Sources for
" these ideas may be other textbooks, respurce books or professional journals such as The
Mathematics Teacher.

+

’ ¢

Pr'ovék(ng Student intmcﬂon . LI \
Iy [N -
Establlshing anaccepting climate will encourage student questions. Opportunlﬂes should be pro-
vided for students'to react to each other’s responses. (For instance, “John, do- you think Mary’s .

. approach will alyays work?”) It is very important for teachers fo exhlbit ‘that they listen and value
student rosponses ‘




.
(Y3

Developing Good Questioning Technlqpu \ \ o :
Good teachers ask good questions and Rrovlde opportuﬁlﬁes for their ;(udents to ponder and
respond to the questions. However, many teachersfall into the habit of asklng questions that re-
quire merely recall or retognition and even tend to answer, themselves, many of the questions
posed. It is important to concentrate on asking higher level questions that requlre'students to inter-~
pret the information and explain, analyze and apply- or search for solutions in both structured and’
unstructured situations. Learning to be patient is equally important. Patience drevents one from
answering the question 1mmedlately or interrupting of interpreting a student’s response before any
other student-has an opportunity to comment. It is important that teachers fost}ar an atmosphere
that encourages student interaction and questions. Unféftunatély, the emphasis In schools on ex-

trinsic rewards such as grades or praise often detract student curioslty and lnteraclion Good ques- -

tioning techniques can help develop intrinsic motivation

}

Provldlng Opporﬁmiﬁes for Summary and Reflection_

should aid the
studied. Summ
*ing. It helps students
will be used.

L Leamlng Throqglr Readlng

» Since words and symbols are the essential elements of the language of mathematics, students
must learn to read and use this language. If students cannot read mathematics with understanding,
they will be severely handlcapped in any further study of mathemati and in‘thelr daily lives. Sim-
_ ple life skills involve reading’ andinterpreting charts and graphs in m erials such as newspapers,
travel schedules (bus; train and plane), recipes in ccookbooks, tralnlng mianuals and many others.

Every ’mathematics teacller has the respansibility for teaching students to read mathematics.
Research indicates that student achievement is lmproved if the reading skills instraction is in-
tegrated with the mathematics instructiori, The unlque aspects of mathematics present several
_significant problems that require_special attention, Mathematics text materials tend to, be written
precisely and in a compressed and concise style. The vocabulary is highly specialized and a large
number of symbols, abbreviations and notations are used The ideas related to the study of

" mathematics are sometimes abstract, There is often'a sequence of steps involved in a computa-
* tional procedure or problem- solving process that requirds the student to deviate from the typical

left-to-right convention used in other types of reading: Ahis involves reading {decoding) right-to-left
(as in some computations) and vertically (as in graphf and charts). All of thése factors.emphasize

the importance of helping students learn to r

Helplng Students Re&d Mathemaﬂa

ematics.
‘e

.

: { f\ ' .

The way in which material is read depends on ‘the purpose for reading. At timés students need
to. read materlal rapidly (or skim) to obtain an overview. Skimming allows the reader to recognize

§-2

.o ¢ .
:




N Py
. v e i\ s . . - .

- the important ideas that are being presented and to understand the organization of these ideas. It
" Is important for students to note the new terms, phrases and concepts-that are being presented.
‘ - Skimming also helps students recognize knowledges or skills that may need to be reviéwed. For
* example, a studerit skimming a chapter in an algebra textbook that introduces algebraic expres-
sions and equations might make the following list of topics, terms and questlo'ns:

o 1. What are algebraic expressions?
a., Numbers, variables and signs of operations

. <«

d N} b. Whatis a variable?

! 2. Whatare the steps in evaluating an algebraic expression? ‘

. X .7 a Orderofoperations ~ TN - : : —
- : \b. Set of replacement values ' . o -
\ c. Powers of a variable ' .
d.  Expénential potation o ' . . )
3. How can true, false and open equations be recognized?
a. Equations L
T b~ Open equations -

¢.  Solution of an equation
d.  Solve an equation \\/

" e.  Equivalent equations

After the stident has *imm'ed the material and recognizes the organizational pattern and new
terms to be studied, then the student must reread the beginning section much slower. It should be
. emphasized that speed is not the major concern when reading mathematics. It is important for the .
- student to read with comprehension. This type of reading requires concentration and attention to
detail. Overlooking a-portion of a symbolic expression or word may result in misunderstandings.
Thus, it is important to incorporate techniques for helping students with their reading problems.
Many of the common techniques used by reading teacher$ are quite helpful. These.techniques in-
clude the following. ® ‘

&«

1. Have students read t\l‘;e selection silently and prepare to discuss the ‘questions.

:'2.  Provide written questjons that help stixdents foctg on the important ideas being
presented. -

{‘: e -
3. Help students recognize the new vocabulary and symbols that they will encounter in
their reading. . .

-

Provide explanations of how the new material is related to previously learned material.
b 5. Help students with troublesome situations such as graphs, tables, figures or notations.
[y - . &
\

Developing Specific Skitls ° : 3 -

'

+  The reading:of mathematics requires several specific skills that are somewhat different from
those taught in typical reading or language arts pregrams. For example, the reading of charts,
. diagrams, tables, graphs and measuring instruments require special instruction. The important
point is to devote explicit attentiop, to teaching reading in the mathematics classroom. Many of the
- techniques th&tprove helpful are extensions of the techniques used by reading teachers.

:
- -
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. acute factor negative
add ! closed ‘ foot " Y odd
" alternate column greater opposite
altitude * common intercept . origin
angle(s) commute " . interior perfect .
array compass intersect place -
associate complement intersection plane .
axes concave invert plot R R
balance convex irrational point S
bar correspond lateral power
base i count law” prime .
between cross leg product
borrowing curve less property
bouridary degrée”™ ' | . ke 77 ' - oradical’ ' vt
e s ST e e
5g:aru:el major ray .
cardinal N divide map real
carrying element T mean right N
casting even minor . root
check exterior mixed round s’
chord face’ natural row LT
ruler similar spate union
scalé simple closed square ' unit
second - simple form term volume
set solution twin prlmes.w- yard

-

¢ Developing vocabulary ' -

itis important to make usre that words and symbols convey meaning. Most textbooks are
organized to provide help with the specialized vocabylary of mathematics. This information is
usually found in the table of contents, the glossary and the explanatory materials. Most texts also
use special techniques such as italics, underlining, additional color or other highlights to emphasize
important ideas or new terms. Teachers shouid help students learn to use these features effective-
ly. However, this alone will nof solve the problem because many common words take on different
meanings when used in mathematical situations. The list below (taken from McKillip, Cooney,
Davis and Wilson, 1978, p. 190). glves examples of common words that have: different
mathematical meanings.

clock .-

s&n 3
There is some evidence that poor readers tend to give only the common meaning to words
even when used in a mathematical situation. Often the meaning of a word varies according to the
context in which it is used.
.The movie will appear during prime time. .
Find the prime factors. .
Equivalent fractions; equivalent expressions. .
Equlvalent sets; logically equivalent.

It is important to emphasize the different interpretations of words when they are used in dif-
ferent contexts. Even though the words may have similar meanings in a general context, their”
meanings may be quite different in specific contexts. This can be confusing and students need help
in determining these similarities and differences. . o

Other helpful techniques for developing vbcabulary include using root words and prefixes and

" noting words or phrases that have similar meanings.
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. . . s r -
. " Use root words t6 analyze meaning. y (‘
T ' v mult-; .multiplication, multiplier, multiple, b . o
.. ) _ divi- - dipision, dividend, dlulsorJ >
"', equi- ‘-, equidistant, equiangular, equivalent.
S~ L . .
o Use prefixes to analyze meaning. : , * .
an- - - unequal, unknown, undefined, : ) ,
) in-¢ inequality, infinite, incenter, . ~ ' °/
poly- . polygon, polyhedron, polygonal, .
non- ~ nonintersecting, nonnegative snonlinear. N - ’ ‘
! - N M R / 3 . ‘\1 J AN (
Rbcognize different forms of the word. * ~ -
o \actor, factorizatjon, factoring O . -
¢ ¢ v bisect, bisector, bisecting L . . . C . :
15 v . .o ¢ . ~
e Develogﬁgg skill with symbols and abbgvlaﬁons . . : SO p
Mathematicians have developed a universal language of symbols. This language of symbols is .
#  oRen interspersed with words and abbreviations. Students need help in learning to understand and -
g usexthis shorthand, Exercises that involve matching symbols or abbreviations to words or phrases
may t{e a ‘useful technique to use in teaching. See the following-for exarriple. ‘
c‘Matc'h he word with the symbol. : L. T ¢
, .
S Multiply 5 - .
. s . e « ‘Centimeter o % T ) °
. .‘ ' Percent L - L .
a e Perpendicular ol . hr. a “+- o
: Hour . LA ‘ - . .
. Add . 0 X . -
' Equals cm ’ -
v Millimeter . mm .
o ~ . - - - . . )
=t should also be emphasized that sy%}kcaq be used in.a variety of ways. For exarﬁpled,-.tﬁ’e ) : . (
# numerals'2 and 3 can have very different meanings depending on what other symbols or = §
. organizatiofial patterns are used — for instance, 23, 32, 23, 3, 42,2/3,2'x 3,3 + 2,32 2 v -
1 . . . Students need help in requnlzi;ig and interpreting the specialized use of symbols in ‘
’ mathematics. v e : Bt N

L)
. - IS

The discussion above suggests that mathematics teachers need to devote greéter attention to the

problen of helping students learn to read mathematics. Many mathematics teachers have had ..

B . limited training in tHis area.“However, there are reading specialists and language arts teachers in
: *, every school system who are valuable resources. * .
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.' Learning by Studying

Two of the major goals for all mathematics classes should be to help students (a) learn the °
mathematics content thoroughly and (b) develop the study skills that will allow them to learn
mathematics’independently. Learning is a Iifelong process and the skills developed during the for-
mal schooling process should provide the tools necessary for students to add to their knowledge

and understanding of mathematics after they leave the classrdom

4

-The, study of mathematics. involves the development of accurate applications of skills and
manipulations in certain form\arprocesses and an understanding of the meaning of these manlpula-
tions as well as the underlying concepts so that they can be applied to problem-solving sifuations.

In the study of mathematics most students terd to rely too much.on memory. Cpmpetence in -

mathematics is not a matter of just rememberin acks, formulas and-methods of manipylations.
Algebra students may memorize the quadratic formula and be able to use it to find the solutions to
quadratic equations during a co However, several years later most students will have forgot-
ten the formula even though th:;z:-nay reriember the general apgearance of the formula‘such as,

. it involves —b + 4/~ and sémething about 2a.” CouldAhe students find the solutions to 2x? -
+ 9x 5 = 21? Obviously they could find the formula in a textbook. Thus, memorizing the fors
mula was a convenience in the algebra class. But students could have completed the $quére or

~solved the equation by factoring if they had an understanding of the* process. Most students were

exposed to the derivation of the quadratic formula by completing the square. But understanding

the process and reasons for completing the square are much more lmportant ideas. ,

In helping students learn how fo study mathemaﬁcs, it is important to keep in mind just what it

is that students should learn and what will be useful and can be transferred. Obviously, there are
certain facts, skills and processes that students should remember. Otherwise, learning is inefficient.
One task of the teacher is to help students acquire information effectively and efficiently so that
the higher goals of understanding and problem solving*can be accomplished. The suggestions pro;
vided below should help students develop good study skills. ~

>

J
” 3

Moﬁvatlng lntereot , i RN . -7 .

® * !

Psychologists agree that to learn something thoroughly, students must have an interest in the
material being studied. Students do'not remember material in which they are not interested or do
not see as important, One of the primary roles of a teacher is that of motivator. Mathematics
teachers need to be enthusiastic about the study of mathematics and they need to convey the
beauty and application of their subject.

-
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Helping Students Seléct What They Study ot R
" There is a greaf-deal of detail pr:)vided in textbooks and students are not always sure what they
should learn. Students need help in selecting what they study. Ou hould be provided that_

contain an emphasis of the major ideas, facts or processes t  fudents should learn. Teachers
need to review these miajor ideas frequéntly. . | : :"é"!q e T L e
Lo ) - . ¢ - "l ,‘:?‘ ‘ »
* ' ° o o .y g . o
‘Establishing an Intention to Remember _ R " ' Lo
L . . , .. ’Q ) . 1 - *
Students need to realize that they will be required to remember certain aspégs of the matesfal,
"+ This focuses their attention- on the task and increases the' probability that theg Will grive for
understanding or learn the ideas as‘they‘are presented. . wf’ Sy,
2 J X . e . - g > N
. . . ) . v . » 9— ' !..‘
. . . S o
. Providing Review of Prerequisites * - ¥, ¥ h el
S RN T

, . N " 1Y . .
, ‘ The understanding of new material is based on the foundation of accurulated kpowledges and?

material. Otherwise, the new material may not be meaningful.

s
-

4

R Pga%ng Meaningful Organization ’ . MR

Students need to be able to cluster facts and ideas and to put them together in some ‘ineanlngft..\l
fashion if they are to learn ideas efficiently. Teachers must carefully plan lessons and assignments
ﬁ. with some organizational scheme in mind. ’ ~.. "

Providing Opportunities fo‘r Recitation ’ . . o

Recitation helps students transfer material from short-térm memory to long-term mémory.v
Recitation involves saying (orally or mentally)-the ideas to be remembered. For example, students
can cover.words ‘orphrases arid say the definition or explain the process to themselves. Some

* teachers help stude th this process by having them make notebooks or study sheets. An ex-
ample is shown below. . ‘

3 . ”

P;thagorean _ ’ relation for right triangles
Theorem Qo a2+ b= o
Rhombus quadrilateral (equilateral}
all properties’ of parallelogram
diagonals are perpendicular )
* diagonals bisect angles '’ \

I -~
. 3
{ v
N
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h > 3 «
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experiences. Teachers must be sensitive to the prerequisite/skills an'd’ concepts invovled in the new '
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Wg Opportunities for Consolidation .

Helping students consolidate the information and ideas that are presented is a valuable 18arning

activity. Consolidation can be stimulated by summary or review sessions or summary study guides.

It may, however, involve the process of recitation or writing the ideas or {acts read ar studied. As
studentsrecite or write they are holding each idea in their minds for fo,gr or five_seconds which
helps transfer the information into more permanent storage or memory.

'
a

Maintaining and Distributing Practice -

Research studies have indicated the importance of distributed practice. Distributed practice or
maintenance of previously covered material normally involyes short periods of class or individuat
study time usually not greater than 10 minutes. Students should recognize that it is important to
study material in short review sessions after it is well organized rather than try to use longer
periods of mass practice. For example, somé students depend too heavily on studying the night
before a major exam rather than using distributed study periods to help them learn the material
more thoroughly. o

In general, students who are willing to exert a sincere effort can learn to study and use
mathematics effectively. The student who develops good study habits and a sincere interest in
mathematics will continue to learn and enjoy mathematics. Students who develop poor study
habits and never really understand mathematics or its uses will probably not retain much of what
they have been taught. Thus, the success of mathematics teachers must be judged by the degree
to which they become less important to their students’ learfiing of mathematigs.

/"\
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N, g . Strategies fox: ‘
Teaching Mathematics

s
.

The teaching of mathematics is a challenging and exciting endeavor filled with delights,
discouragements, pleasures and difficulties. The real satisfaction of teaching mathematics comes
from teaching in a creative way a fascinating subject to individuals who are important. «

\ .

[y

" Most teachers of mathematics would inglude in. their degr;ﬁoﬁs of the teaching process
of transmitting knowledge, thinking skills, attitudes, understandings and problem-solving skills. Ex-
plaining exactly how this transfer occurs is a difficult task. .

This section presents a,modified flow chart of the common elements ‘of the teaching process.
The complexity of the-teaching and leamning processes and the variation among teachers and
students imply that teaching and leamning are highly individualized and personalized endeavors.

$Thus, the improvement of teacher effectiveness is'a responsibility that must be assumed by the

teacher. The willinghess to try different teaching strategies and to critically analyze the effectiveness
of these strategies hould be an Integral part of the professional development of every mathematics
teacher. ~ / . . i .

LN
The Teaching Process

For the purpose of this discussion, téaching strategies will be broadly interpreted to mean ap-
proaches, methods or activities that might be employed in the teaching of mathematics. The flow

chart bélow provides an overview of the teaching process. -

Mathematics
ontent’

a
L' 4

- q Identify content using sources such as local and state curriculurh guides, textbooks and
. professional references. - o

*, Select mathematics content. This is an important step and should not be treated lightly,
Notice the differences among the objectives in collections C, P and E of this guide.

4

* Learning
Objectives

* Have in mind the specific behaviors that students are to demonstrate or exhibit.

* Formulate both cognitive and affective objectives. |
’ - . » \

Cognitive . Affective
Knowledge (facts and skill) " Beliefs .
. Understanding (concepts and generalizations) A Attitudes
Problem solving (application and proof) Appreciations
‘ c ' . . Values
(Continued Next Page}
* S99
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® Make-use of available resources such as other textboolO supplemental commercial mater-

jals or models,-media (such as films, overhead profector, tape recorder), calculators, “
\ »gomputer, library materials, newspaper, catalogs, professional journals, other students ‘ ©
: * and community resources personnel ¢

® Learning resources in the mathematics classroom have too long been limited to chalk,
» .. chalkb’oard and textbook- »

.Dlagnosi\s’ ‘%nd
Preassessment

2

® Determine the prerequisite skills and concepts for the new topic.

. ® Assess students’ readiness to learn the new topic through previous tests, quizzes,’ home- ‘.
. work or a short written or oral quiz. Assessment may also be done through taacher obser- 1
‘ vation, games or a more formal approach such as pretest or diagnostic tests which may
. be available with instructional materials. . .

. ® Provide review for areas of weaknesses where needed.

Teachlng?’ .
~ Strategies

® Select teaching strategies that reflect a variety of variables such as the nature of the
, mathematical ideas, expected levels of pexformance and the developmental levels of the .
T : . students in the-class.

O‘wBaslc elements of mathematics such as facts, skills, concepts and problem-solving pro-
- cedures are learned in different ways; thus, the teaching strategies for each of these
elements should accommodate these differences.

L

ARy

-\

4G Evaluation L o :

5 L]

»__ Assess how well each student has leEmed the new material.

P -

-~ ¢ Determine-which objectives have been adequately mastered and whlch objeetives need— ——— E—
‘ additional reinforcement. - . )
. " e Evaluate the effectiveness of the teachlng strategies and materials used the lesson. -

i "o Plan for speciﬁc pertods of review of lmportant aspects such as skills, facts and concepts

14




~— The most common bbjective of a guided discovery lesson or series of lessons-is to direct

-

»

s’

The diagram below illustratés some of the common elements of. mathematics jnstruction for

which teachers miist find strategies.

Independent
Learning

~

+ Identification of Strategies

Problem

Solving

"If a'group of educators was asked to ‘make a list of cc;mmonly used strategies for teaching
mathemtics, the list would probably include ‘the following. Lecture, discussion, fhductive, deduc-
tive, synthetic, analytic, informal, discovery, explanatory heuristic and guided discovery. The basic

components of these strategies are considered b

discovery and expository.

.

~ Heuristic or D,\scovery R

Discovery, heuristic or inquiry strategies are among

M r

N I
v " P -~

- [y

[: ]

elow tzmder the two broad headings, heuristic or

the oldest known teaching strategies and

date back to the'time of Socrates. Even though discovery or guided discovery approachies have
"been much acclaimed, there is no generally agreed-upon description of this method. The guided °
discovery approach ‘requires that students investigate some topic and formulate an hypothesis, a
conjecture or a procedure, test the reasonableness of their work or formulate a conclusion. Inquiry

is guided by teaching through questions and formulation of a model of the situation.

v

'

students fo discover a concept, generalization, algorithm or process. However, some educators s

and psychologists suggest that the process involved in

thinking or attacking problems.

-
-

discovery leads to a generalized way of

A gulde-d 'discovery lesson typically béyins with a class discussion of particular questions or a
. broblem situation. The,®acher directs the discussién by asking questions and directing student

questions to other studenfs.

can also be time-consuming, This,

- ly, not every topic lends'i

.
~

rocess can be very exciting and thought-provoking; however, it
one of the major criticisms of discovery approaches. Obvious-

a guided dlsz:overy\approach. However, this strategy provides ah
excellent oppor}ur‘my for eliciting participation, increasing motivation and promoting learning.

S-11
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The expository strategy is the most commonly used method for teaching mathematics. The ex- °
pository strategy involves. explanation, interpretation and demonstration. This approach often in-
cludes short lectures on.explanations, demonstration of skills or procedures, teacher-student discus- .
sion (questions), individual or small group work on problems or examples and follow-up in the =
form of homework. The folJowing are hints conceming the expository strategy

® Discuss the objectives o the lesson ‘with the students.

"0"'ldentify and discuss prerequisites. : . o - ‘_ . .
N ¢ . Know the content of the lesson well. If the primary focus Is on presenting the L '
mathematical ideas, it is difficult to be attentive to student reactions. * . ‘
. ¢ Be a good observer and ask timely questions. A teacher ‘should not ask rhetortcal ques- -
: tions such as, “Do you u derstand?” sl e T
T Develop a sensitive and accepting attitude that encourages questions and panicipation o , e
. Anticipate problem areas and be sensitive to mistakes or misunderstanélings so that they
. canbe “used’ constructively . . et ¢
. Be.sure to use a varlety of examples, illustrations and nonexamples L ) o oo B

. Provide opportunities for practice and application T ‘ . T —
e Evalu‘atetheleaming M. -\ <, L. - ) -

'
. [

Variations ‘of the expository strategy described above often involve greater student participation .
These' approachies are typically fore analytic and involve more leaming resources.. A modified ex- ’

pository strafegy might involve more demonstrations and dtsctzslqn For example, in a geometry -
lesson on, constructions, the teacher may depend more on defmonstration, perimentation and s
discussiOn. .- . Y .ot

f.. . ‘ « [ - M o .

Variations of the expository strategy can also involve the use of materlals such as demonstrative

modéls manipulatives, calculators and compnters This type of variation has often been referred ‘
“toasa laboratory aﬁproach T : Y .
o ﬁ_{‘ - ~..J " . N .

VTR L

Even though the expository strategy has received criticism in recentt years due to its teacher-
dorninatec# group-oriented posture/it still reains one of the most useful and practical strategies

avallable However, it takes a master teacher to make full use of its potential . ’ :
! * K — f .o L} ‘: - > ’ . ) ~ ' L4 : .7 .‘-
) ot ¢ '.". . : b*« ' s . ¢ v - ,-"f" B o . T ‘. .
- = w . e .
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Concept Development .

i ‘ o . " Special Considerations for Teaching for
“Concepts are abstract ideas which are used to classify events and objects. They are understand-
ings of what something is or is not. Somé concepts are associated with names or’ labels. The
teaching.of concepts requires that students understand the meaning of these terms or labels.
. , ¢ ° L4

. Conceptssare constructed from experiences and thoughts and are formed over time, even over
, years. For example, the concepts of function-or equivalencg class take years for many students to
understand. > . \ e ‘
‘ Teaching for concept de':lelopment requires careful, thoughtful presentation of the material. It is
} not always obvious that students have gra‘sped the essential aspects of a new concept. Generally,
‘teach#® expect students to choose and recognize examples of the concept or exhibif examples of
. the concept. Notions about concepts need to.be communicated. Hence, students must be able to
. interpret and use both the word and symbol for the concepts.
+ "+ Why not just have students learn to recite the definition? General definitions can help with con-
- cept formation; howéver, a rote recitation of a definition does not assure the presence of the
- essential aspects of the idea. Also, there is a danger in over-relying on verbalizations. For, exam-
ple, students may recite-the definition of a function or a trapezoid and yet have only a vague no-
tion'of the concept. ° ‘ -

N

. ~
.

Itis essential that teachers provide a variety of opportunities for students to give or choose ex-
amples of the'concepts. This provides feedback about an individual studenfs‘understand[ng of the
concept. - ' . .
‘ . The Role of Examples and Nonexamples -
. Although it is,,not,clea'r how rhany examples or the variety of examples are required to teach a
fiew concept, it is safe t§ assume that concepts involving greater levels of abstraction will require
more examples. For instance, the concept of a regular polygon widuld require more illustratio
- than the concept of a triangle. ™~ . .. y; . .

£

Students often focus on irrelevant properties in examples. For 'instah_\ce,ﬁ sjuc!ent.bélnd in- &
troduced to the concept of-a trapezoid may qbsérve that the trapezoid in the example below has
four sides, top and bottom sides paralle]; no congruent sides, no right angles; and the base is the

“largest side. '
< " 1
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L .
¥ ¢ .
. * L
. A . | ) .
Top and bottom not ' ~ Bottom not the
: ‘ . necessarily parailel ' longest side .
. ’ F) .
DNt : - :
- ' A . -
R " Two congruént sides '_ Two right angles
> 8 . Using nonexamples helps students to focus on concept-relevant properties by noting their
absences. Nonexamples should be intorduced éfter students have experienced some examples.
Choose nonexamples which closely resemble the examples presented.
: Which of the following is a function from the first set to the second set?
° ‘ . >\ . i K
‘; -
L) ‘ 1
. ‘.‘:'& . . ' ‘. . . ] ._/ . .
. 2 0 — @ L \ o/
- 30 >0 7 Al :
ele : i
\ ® ®
o 4O 017 0 O
A , o A C
) . » ' ': > LY R . —
‘  The Role of a Variety of Representaﬁons“ o s ,‘ x .
" Concepts can be represented in concrete, pictorialor visual {semiabstract), and symbol or verbal
(abstract) modes. It is very important to begin with concrete presentations. Where possible, actual -
. F physk:al objects or representations should be used. Concrete seems to be.a relative term and can
5 ’ vary depending upon the student’s background. Visual representations are a very powerful tool
. and often are not exploited to their maximum.
= ' Concept: Polyhedra — Cube ) . .
‘. ’ . . Concrete representaﬂon - oUm
’ ’ ' —p '|* cardboard model '
: S ’ 7 ] _--H===? . folded to make cr\be' )
' ey * ) )
“’ \ . Te -~ i .
. ¥, - 4 « " ‘
S - ‘o
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.. Visual representation

S—

.

Abstract representation

- . Cube ABCDEFGH

N . - » ® ° R

Beyond the common categories of répresentational modes, it is impo
concepts can be represented in a variety of ways. Experiencing and visu
ty of settings increases the likelthood that students will-

of the concepts.

' ¥
Consider the following representations for the same function fro

tains specified x values only).

A: {( L 3) (3, +) (3,5 )/ ( 4,6),. &, 72 e, 7})} ORDERE‘D PAIRS | .
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! 03’
Z0

3e - :;
Q q. N

se e :(,
}90 7

12

\

’

4

2 3 4. S
\
Y /
: s
T 3 4%g o

0

>

C.

b

S

(Xra Xz (245
[ 7 ex=(

//

—)—e 5 o o o

N\

»
Iy

%

.

"

-

FORMULA

~

4

-

rnr;t to realize tha’many
ng concepts in a varje-
develop a firm.grasp of the essential aspects

m set x to set y (domain con-
o N f}

b d

A
MAPPING DIAGRAM
LINE TO LINE

v SET TO SET
‘ ) I
. g - )
7‘ T %
€
sk :
lf.
3+
‘2
t
! L3 45 ¢ 7
GRAPH




s

", Teachers often fall into the trap of askihg the class, “Ho:

~

. , , ) ]

Which representation is most obviously a function? . ' ’ ) ,
Explain why you made that particular choice. ’ Y . #

In which representation are the domain and range most obvious?

" Find-the: Domain . )
Range ’
. Image of 3 |
The element which has 6 as its image
. K »
. - . > * % ‘ .
The Role of Definitions . s -
) ’ S ———

. Particular ¢ needs to be given to the role of definitions ln concept development Often .em-
phasis is place too early on formal definitions. Many studerits get “lost” with words and symbols.
The meaning that students actually attach to formal definitions is not what most te(ihers assume. .

\Teachers need to ensure that students understand the words and discuss their meanings Studying .
regular polygons several weeks ago does not guarantee that students will remember the concept. * .

ow many of you remember what a regular *
polygon i$?” and a few hands or nods are sufficient to céj‘nue the lesson. It would be a relatively ’
simple task to' ask the students to draw three regular polygons on their papers. This type of activity
provides the feedback that teachers need to assess the students’ levels of understanding and takes

~only a few minutés of class time. While walking around the ro6m, the teacher can quickly assess
the géneral level of ‘anderstanding and comment on any misconceptions that are observed.

< . -

.

The teacher must make every effort to discuss all parts of a definitior and to clarify any confus- - . L

* ing aspects. For e{(ample, the definition may include a troublesome phrase such as “at least two
parallelsldes " It is often this attention to detalls, “4nticipating and.clarifying, that becdmes the

crucial factor. It is helpful to present both examples and nonexamples of definitions as they are
dlscussed ) .

\ o . o
In recént years,~research efforts have been devoted to identifying several types of moves that
teachers use in teaching concepts (Henderson, 1970; Cooney, Davis, & Henderson, 1975). To

date, the research evidence does not suggest a best way howevet, it is important to experiment
with various moves that prove to be successful in your-classroom. . '

4 .

]

. D . . \
Teaching concepts is one of the most difficult and important aspects of ;mathematics teaching.
Particular care should be given to how concepts afe presented to students.

v
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g . Special Considerations for Teaching Facts and Skills

cedures and require automatic responses. Imitation followed by repetition or practice is the key to
. acquiring a skill. However, these conditions do not ensure that the learning is efficient. This sec-
tion presents suggestions for teaching skills more effectively: . . .

.-
' .

e » '.v.*g
v,

Practice R -

———

4

Developing Meaning Before
. . L ‘
Many. secondary students are somewhat vague about the meaning of certain.numbers and sym-
bols such as 2/3, 0.333 . . ., V3, 2x?, |x| with which they, come in contact because these ideas
are remote from their everyday experiences. It is difficult for students to develop skills with opera-
tions or procedures involving numbers or symbols that they only vagyely understand. Research
. studies indicate that students learn skills better by spending less time on practice and more time on
developmental activities [Ship and Deer (1960}, ‘Zahn (1966), Shuster and Tigge (1965)). These
developmental activities should stress meaning aEd understanding through work with concrete or
visual representations, laboratory activities, teacher demonstration or group discussion. In general, e
. " material that has meaning is learned faster and retained longer than materiak that is learned by
’ rote. It is helpful for students to realize the importance of learning the skill jor process. Teachers
need to provide meaningful examples of where the'skill, fact or process will be used.

. [y

"Planning Maintenance anﬂkw)lew R 4o _

The stutlents should Jbecome involved as soon as the algorithm or skill has been demonstrated.
The students may vocalize ‘or demonstrate the steps involved. Every student should have the op-
portunity b try a problem. .The answers should be provided for the first few problems so that im-
. mediate feedback will be available. If the teacher walks around the class and looks for students
,who need help, errors mgy be avoided and frustration reduced. '

Positive stu\dent behaviors should be reinforced and students should be i’:elped to recognize
mistakes. This will help students assume the responsibility of evaluating their own work. Few
. students make careless mistakes. Most' student errors are the result of an imbedded‘ misconception,

4

and require in-depth analysis on the part of the teacher in order to correct.
Alter these initial lessons, plans for distributed periods of practit;e are necessary. The forms of

the practice should be variéd, such as short worksheets, games, overhead projector skills and tape
recorded drills. \ :

» .

A

‘Further review and maintenance should berprovided as Rew topics are lntrodut':ed'.‘ l‘any
teachers use review problems as ‘warm-up activities while they are performing routine tasks such as
taking the roll or handing out papers. Other teachers find flash cards or overhead drills involving

, mental arithmetic or paper and pencl to work effectively. ‘ Lt

Facts and skills requh:e that studepts recognize or recall specific statements, conventions or pro- [\

Py
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Strategies for
Using the Hand-held Calculator in
Mathematics Instruction

“These suggestions reflect use of the calculator as a tool for learning mathematics. Although
techniques for using the calculator must be taught, these technlques are not ends in themselves,
but rather a means to an end. The objective is for the learner to comprehend mathematics suffi- »
ciently to become an effective and efficlent user of mathematics.

In mathematics the hand-held calculator performs the role of efficient calcujating and — since it
Is used by the student rather than the instructor — is a learning tool. In this role as a learning tool
the results of its calculaﬁons are not the ends-for which it is used

. The calculator is an instructional aid, and — as with any other aid — the student must be
familiar with its capabilities. Prior to formal use of the calculator, students need to investigate their
calculators. Examples of questions that might be considered are the following. .

What..ls the logic system‘o'f the calcuator?

How many digits are capable in the display"

What are the baslc functions on the calculator"

Is there addlﬁdn of and multipllcation by a constant capablllty"

How does the % key work in finding the percent of a number and in calculating a dlscount
of sales tax?

What are the “clear” and “clear entry" capabilities?

3 -

-

.

There are two major strategies for use of the calculator in the mathematics classroom. In one,
the student uses the calculator as an instructor. This §s most useful wjth those students for whom
the.goal Is still the mastery of paper and pencil calculation, .and for those students in algebra who
are having difficulty with algebraic principles and procedures In the other strategy, the student
plays the role of instructor to the calculator, making decisions and telling the calculator what to do.
It is 4n this respect that the calculator excels above all other instruments and-demonstrates its
" power and value in'Ynathematics learning. In the next two sections explanations and examples are
given of these two strategies.

~

There are two major strategies for use of the calculator in the mdthematics classroom. In one,
the student uses the calculator as an instructor. This is most useful with those students for whom
-the goal is still the mastery of paper and pencil calculation, and fof those students in algebra who
are having difficulty with algebraic principles and procedures. In the other strategy, the student
plays the role of instructor to the calculator, making decisions and telling the calculator what to do.




.;/. L . . en -‘T . .
It is in this respect that the cakulator excels above all other instruments and demonstrates its T
power and value in mathematics learning. In the next two sections explanations and examples are
given of these twa strategies. .- N -
[ ] . / . \ o .s ) - ’({
. . The Calculator as Instructor _
X ) : ’ ; -
Of course the hand calculators will not explain to students the long division process or any other _
calculation procedure. With the exception of some specialty models, the calculator will not even
‘ generate practice problems for the student to do. But the calcutator can be used effectively for
Verification. It is an inexpensive and ever-handy monitor of numerical calculation, one for which
the student will not have to wait because it js busy helping dnother. _ K
v ~ : )
+ Mastery of Paper atid Pencil Calculation . ' . i , . .
The calculator will provide immediate responsé‘ to students whq,_hay_g_hzid instruction in the *
operations and who may attempt to answer questions such as the following. R
1. Was 2.973 correctly subtracted from 19.84? . * ,
" 2. Where does the decimal point go when mu.fﬁplylng 1.973 by 0.24? . .o

- . .
3. Has 0.164 been correctly converted to rational (a/b) form? (The calculator will quickly
convert the answer back to decimal form). * A

. Whatis 29% of $42.00? ' .
5. Is8 — (~3) = 1§, or =5, of maybe 57 , 3
. ‘ . ' Y
6. Is —Vo=.1p or —12? *
Might students merely use calcufators to find the solutions to the problems tc; begin with an
make nd effort to solve the problems by paper and pencil methods? Of course they might. Bt if
they'do, then mastery of paper and pencil calculation is not the goal, and the students are nbt

" likely to master those paper and pencil calculations even without the calculator. With' the calculator
‘at least they produce the correct answers and perhaps they will recetve some insight into the paper

- ~ .

and pencil procedures they have been shown for so many years. -

. 4
IS -

Acquhlﬂow _Elementary Number and Operation Facts v o ) .
For high school students who do not have elementary nimber and operation facts the'calculato:,‘:, °.
will produce those facts for self-paced review without the need of books or tables or note sheets,
Some examples of such operation facts are - ) .
1., the sums of all pairs of digits L " e
2" the multiplication table . . If " cot .
- 3.7 the difference of ail pairs of digits . *'.
4. the division table - ' * _ T ’ o : -
. R N R s ¢ =
5. the squares of the integers from 1 through 25 E N
6. the powers of 2 up through the 10th o SR
7. the pd‘weis of 3 up through the Gt‘h . ’ . . .L"r, /'f“ —
. 8 the cubes of the integers from 1 through 10 . e T
' * "-j . : y ! .
. . ) " 511,9' Coos L T " e
‘ 7 v\' ’ 6 o LR ) - J <.

4 .
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T With the calculator students will be ready to explore many mathematical ideas and make
_discoverles of patterns and relationships for which paper and pencil calculation is too tedious and
' time consuming. The calculatorcan be used to explore number patterns, to discover relationships,
to practice mental estimation¥to reinforce the inverse relationships of operations and to aid in pro-
-blem solving. . . i

Examples for Exploring Number Patterns

1. Use your calculator to find the decimal-names for the fractions listed.

=

Descyibe what pattern you.found for 9ths, 11ths and 7ths. -

2. Use your calculator to find the smaﬁest number thatis divisible by 2, 3, 4, 5, 6, 7, 8 and 9.
R 3 Given the difference of two squares x? - y = n, find what numbers n cannot be., Generalize
. ‘ your answer. . . .

s

Examples for Discovering Rela.tlonshlps

& - . .~ o=
‘ ‘ . 1. Tin Can Mathematics - :

Use #5 tin cans. With a metric tape find the circumference and diameter of each tm can.
Record these measurements in the chart below. FOr each tin can divide the circumference by the
A diameter and record the quotiént in the chart. Express each quotient to the nearest thousandth.

0 . . B
)

4




Tin Can Circumference , Diameter

¢ O A
Tk, ot
7

Find the average .of the quotients that you calculated. Express this ansggr/'to the nearest
thofisandth.

4

~

What relatiolnshlp did you discover between the circumferences and diameters of yourtin cans?
Vd

’

Check with two friends about their fl;ldinés.

2. Right Triangles

Using a centimetre ruler and centimetre dot paper, draw four right triangles and measure each
side to the nearest millimeter. Record these measurements in the chart. (One is done, for you in
. the chart below.) . '

Measyre of sides

o

c Toa?

1. 50.1 o9

2
'3
4

-

Using your calculator, complete the-chart. -

Wheat relationship,have you discovered about the sides of a right trlangle?

~

>

Examples for Developing Estimation Skills

1."What is the largest number that can be written given some fixed digits such aé three 9’s or four ’
2%? [For instance, 2%)%)? or 22%2.] Check.your estimate with your calculator. B

2. What is the largest product of a two:dlgit and a three-digit number using the digits 3, 4, 5, 7,
8? What were the two factors? Try again using 1, 2, 4, 7, 9..Can you generalize your findings?
~— BN :

~ /4

-




\
3. Indicate on the number lines below where each of the answers belong.
A N
B £
- }'7 '
c . .
8x 9= - 1.2 x 24 = \
02x35= ___ 4+28+005= ___
845+05m=___ 0.17 + 0.003 + 0.641 =
- \ ’
Reinforcing lnvetse'l(elaﬁonshlps and Properties of Operations
1. Find the missing number in each probl[pm using your calculator.
236 x = 14868 What operation did you use to
) find the missing number?
24973 + = 58741 ’ i i
+235.6 = 4.8 .
7.2 x = 6.696
What relationships did you discover?’ -
. 2. Comphéte the chart below.
a ) b axb a+b
65 o 1495 -
18 ) 41 -
, : 96 20 )
L - 7
Make up three more }Jrobfems and give to a friend to complete.
3. Find the misslr;g digits. Guess and chetk! - . g ..
" v
¢ -
‘a. 13« __ b - 378 c. . 57) 4731
' +2 7 x5 -
38 . 1890 _—
3024 171
. eo 0 171
v ‘
© -
* .
. A ' S-22
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¢ \ ) -
. 4. Find the total value for N. Do'you se¢ a shorter way to dg the computation?
a(2x3) +@2x4 =N \
! . .
_~ - ' . 7
) b. 37 x 30) + (37 x 1) = N - .- . <
c. (1024 x 53) + (1024 x 34) = N " "
e 7 :
° d. 8x5 +(8x6)+ (8 x8=N w - L.
5. Supply the answers by inspection and : eck w{th‘ your calculator. s )
B a.B3x5 +5=__ . S ’ )
° o Y
_ . b. (2149 x 528) + 528 = : <
\,« ’”' » ) t s } =

T3 kBT 5 :

- d. (5332114 + 1238) x 1234 = ___ - T
6. The opportunity to play with the calculator might whet the curiosity or stir the imaginafion of a

_ student, especially if provided with tne of the several paperback Eooklets on ugﬁ'xg the\hand
calculator. Many of these-booklets have sections on number curiosities, puzzles and garjes.

7. For the algebra student .
1 " Of course the calculator cannot do algebra (a limitation that actually enhances its value in
. mathematics learning)., But because students can quickly evaluate an algebraic expression for

most real replacements for the.varfables with the calculator they can easily determine the cor-
rectness of their resits for procedures such as the following.

° a. Multiply 2x times 3x. .
, . b. Multiply x? times x>. ’\ )
c. Simplify (x?)?. . . ‘
d. Multiply (2x + 3) (3x* — 5x + 7). 5 "~ '
e. Simplify (4x* — 18) (8x + 16). T .

f. Solve equations of all types.
- 8. Solve inequalities of alhtypes (by Verifying’the endpoints of the solution sets).

The Student as Instructor to the Calculator e L

- The strategy of students instructing the calculator is appropriate for all students in all cm:rses.

. For those students who have not mastered paper and pencil calculation, the calculator opens up,
the world of mathematics that perhaps has heretofore been closed. With the calculator,epaper and™
SRR pencil calculation is no’longer necessary in order to use rpathen]aitics. Lack of skill in paper,and

v pencil calculation need ot and should not bar students from learning to use mathematics. Many _

\ students who could not dd paper and pencil calculation reliably have shown remarkable insight in-
to mathematical rejationships and a surprising ability to see through word problems. These >

students may use the calculators to help them memorize the addition and multiplication tables and

to do the same mathematics as the students who have mastered paper and pencil calculation.

, .

1.-Applied Mathematics and Consumer Mathematics - -

. _With the calculator on hand, put the emphasis where l't.belongs in the course — on problem
v * solving rather than computational skills? Students will not be able to buy decision making

P ’ PR




.machines, but they can buy inexpensive calculating machines. Here the goal for students will be to
determine what to tell the calculator to do. Lack of calculating ability need no longer be a barrier .
to that goal. Real life problems now can be investigated in class. The problems no longer need to
be carefully contrived and qverly simplified to keep the length_and tedium of the calculations
within bounds. The textbook problems can still be used, and the students can concentrate on
learning what to do to solve problems such as the following.

-
. a What does, it really cost per mile to operate a car? .
. \ . .
Can | save enough on financing costs while buylng a car to make it worth whlle to shop
around for the financing?

How many miles/ kibmeters does my car get to the gallon/liter?
&
How much is the APR on this easy term purchase? )

~

’

How does tH‘é cost of renting compare with that of owning a house"

What information do | need?

S

Which is a better investment, savings certificates or common stocks or bonds?

How much interest is paid on a 30-year mortgage at 9% above that paid on a similar mort-
gage at 8/2%7?

. . How many cars would be involved in a one-lane traffic jam from New York to Los Anggles
if the average length of a car is approximately 5.5 meters and the distance from New York
to Los Angeles is 4,972 kilometers?

Simple and compound. interest '

i .

P(1 + rt) represents the amount that must be paid when a principle (P) is borrowed at a
simple annual interest rate (r) for t yeari

Evaluate P(1 + ) whenP = $6000 r=9%andt =3 years.
If $750 is borrowed at 10%2% interest rate for 15 months‘mW berepaid? -

-

Mr. M borrowed $500 at 12% simple interest for one year. At the end of the year he decid-
* ed to borrow for another year the amount he owed. How much did he have to pay back at
the end of the second year?- ) S

HINT: first year  500(1 +.12)/= 560 R
second year -560(1 + + .12) = 627.20 g
Ol" '
500(1 12) (1.12) = 500(1"+ .12)

Wﬂte the general formula for computing compound lnterest for borrowl g P dollars a an an-
nual rate r at the end of t years.

Mrs. K borrowed $600 for 5 years at a compound interest rate of 15%
did she owe at the end of the 5 years.

r year. How much

P




Average

Measure and record the height (in centimeters) and wéight {in kilograms) of tweity-five
students ln\gour grade. ‘

2

Male/Fémale- | ° ° Height
° \{: \\ . < »

5( i’ ' l ° . ‘ ~

Compute the average height ajxd weight Sf the male;s hndéemale%. _
- Make d scatter diagramshowing the relationships of height and weight of rmales‘\and females

_Deternine if there is a correlation. ’ . -
" Separate the height statistics for thestffales and the females into three categories
A ' .

. average, tall. *

B
v > ¢

.

. . b4 ;
Sgpagate the weight statistics for tﬁe‘;ngles sa'nd females into three* categories — light,
average, heavy. . ’ . :

[ -

From the resylts of th}ﬁ sample,’ predlct%ﬁgihumber of students in your grade that would fit’
"e'acs'l category, v C. -

« * : ‘:\ >
> -~ L] a

2. Algebra, Geometry, Trigofiametry and Calculus ‘ \ b Ly A

-~

*

. For thé serious high school mathematics student, no pther available tool matches the program-
. mable,calculbitor as an instrument for learning mathematical concepts and learning techniques of
. . mathematical manipulation, with respect to economy, capability, re_a'd; availability.to students and
ease of use. At a relatively small cost; an entire class can be sugpllqd"w}gh programmable ',
. calculators which will do all the mathematics Ehe student§ will want done. Every student can hav%
*s . a hands-on experience whenever needed so that the calculator is genuinely a means to learning

s+, for the students. Wi ms for the calculator requires students to think through every step

B

4

of the process, encourage imagii\ation and ingenuity to shape the procedures so that they fall +*% .- ) )

- within the abilities and capacities. &f the calculator. As an added bonus students learn the mglbles
of programming. . IR

-,

N

-

- - M
Furthermore, the programriable calculator — and to a lesser extent, the nonprogrammable . *
. %« o scientific galculators — makes possible investigations of topics that are impractical without
calculators. For-instance .- s

a. polar equations and their gra‘phs {beyond a bare.introduction), -
parametric’equations,

transcendental fun‘ctions and their graphs,

B - ]
d. : ro%of axes,

e. ' area under a curve (in algebra classes),

“* ” o/ . :‘
1. seeing” the converging of a series, " *
n ¢

g.  derivation and use of series for evaluating transcendental functions.

Th‘e-pfogrénuﬁablé calculator, of)e?s up a new world of mathematics projects and makes possi- ‘
ble the,investigation of fascinating quegstions such as these.

- .~ v . . 4 aL'-/."
a. What happens to the curve when the expgnents in an equation of‘a circle, or an ellipse
f

. are permitted to take on values all the way from.0 to 37 . N

b.  Are there two p;raﬁolas that intersect at exactly three points?
L P 3 . o ‘ .




.,

+ intoa savings account each ‘at r annual interest rate,’compounded K times a
. > "year in, order to have An the account at the end of'n years? .

ot d‘i Is there an easler and more efﬂclent
° R ‘by term" . . '

~ . - » , . * . N

‘evaluate a polynomial than doing it term !

-In using the programmable calculator, students should flrst be.taught a_coticept and the tech-
i niques for using the concept. The'students should use the fechniques “by hand™ in a few exer
.+ 7 cises. Foltowing that the teacher should rhake the assignment of teaching the calculator to carry"
. through the techniques‘by writing a program-for it to follow. The students should check, debug, ,
. uthen make a tape ofthe program, and- finally use it to solve a set bf problems. ‘The studenbs
und“rstandlng will be enhanced since they cannot writ® a‘program without a thotough- understan-*

o

dlng, of the mathematics nor will'the calculator supply any misslng steps or take anything for. .
granted and their skills will be fhore in. keeplng th the demands of the day. :
_ t ;The‘ procedures above oan be used effectively wlth fopics €ich as the following., ,A ~
. ae Prime factdrlzation of any posltive integer * s o ,
©ob GCD and LCM of:two or-mote lnfegers _ ' . . . /
. .. C ‘Evalqaﬂng a polynomla] of any degree for a rational x- - e
’ - \ Flnding solutions to a system of two linear equations in two variables ‘
. Vel e: Solving quadratic equations, for both real afid cpfiiplex soluﬂ)ms . . oL
. - g = Summing arithmetic seria . S N C
g Summ’iﬂg‘geometﬂo series S v . ) <
‘h. Flndlng permutathns and comblnations of n elements _,‘ ., 4
T i Coefficlents for blnomlal expansions to rational powers . o _‘ ' .
’ R Summing‘up theﬂxst n terms ofa'Binomlal setles L ‘, - A ‘ .
- s ks Wﬁﬁng the trigonomen;c’funcfions in terms of the slneJunction R “
; L. . SoMng triangles andﬁndlng areas- oftﬂangles given various sebs of data = d :
T, o Com!ertlng complex numbers from rectangular t polar form and finding powers and
. b rootsofcomplexnun’lbe . . . ’,"
o "'.n. Finding appro:dmaﬂons to real zegs of various funcﬁons . c .. — N
T o. . Flndlng,‘apgr__xlmate area-nnder the curve y = l/x U R
) A : p~ EvaluaﬁngaS X 3determinant . | . "",-*“ - '
Lo ‘QA’ l’indlng the return on an lnv,atmenf at various.rates ar;é periods and, finding the in- - ‘ v
c- - 1—-_' < &= .,_vm"“’elﬁfe‘ta siffgle- !nvatrnent ot perlodlc investmiént — necessary to yield a T Ty
-?.ﬂz-' B W . statéc{ amount . "".% . . o . ) g3 . - ’
SRR ’To develop good habits of rogram )vﬂﬂng, the ‘s‘tudents should wite out each program com- * T
E3 . pletely énd correctly. Ezch student may be given a program tape and use that ohe tape for evé‘?y .

% program. The teacher can easilg &\eclr that the program works by running the tape througtithe = ; <
¢ calculator and solving a problcm with the program. The’ students stiould be allowed to@solve ) ST
aevml problems using ‘the programs they have written, Often problemg that are léss contrived will | - *
prodt’spe simplcr solutlons than thoge in the ‘textbook and ch be used for greater moﬁ(iation. } ) )
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% If progratimable calculators are not available but calculators with the transce’n%ntal functions
are available, then everythlng except the recording of programs can still be carried out. Programs
consisting of.a sequence of keystrokes that must be used with the calculator can be written and
then.used Time will prpbably not permlt an extengive use of the programs as would be possible
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o Strategies for
/ \ ' Using the Computer
' ‘in the Mathematics Classroom

Instructional uses of the computer can be separated into two categories, those that require stu-
dent knowledge of computer programming and those that do not. In the second category Is
computer-managed instruction including various forms of computer-assisted instruction, such as
drill, tutorial, gaming and slmulation along with the usg of canned programs‘to do the-computa-
° " tions involved in problem solving. The computer Is an essential tool for many people who apply
mathematics to real—world situations.

° ~ . . 4
-

\ . L ¢ .

. S * Computer App! g
. a ! put AW
The <omputer should serve as an instructional aid for attaining exlsﬂngigoals and’ objectives
_upon which a modern mathematics program is built. The computer can be used to dévelop the
. topics that are normally‘ stressed in the secondary school program. Computers can be used to -
. study a varlety of topics in mathematics such aé . ) s .
. Lo,
trigonometry _ vectors ’

limits of sequences _ law of sines and cosines .

partial sums of serles calculus (including upper and .

¥ . N \ - . p
.

Addmomlly thc compuuﬁm vast apiSI}caﬂon outsidc the rea1m .ofthe mathemtla das‘s{oom
canb.mdmumngupucal&momheeqedmchemw ph

; " Computer
R oﬁuudcnucourm Corhputcrmudc,—computc:dance pomputeranfmatedmovies

- 4,4 L.

'! a4 2t - e ~ L. ~ - . . R M t oy
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N . e L N . , gy g

> ‘ . . , .
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. Wt o . . lower Riemann sums . | ‘ “
. .  eduation of a line area under the curve”  *” R : e
. ‘: . s . ,1' . . midpoint rule .
.. & inverse of a function Pastal’s triangle .- : ’ )
R : . b .trapezoidal rule - I o
- approximation of roots ' approximation of pi -, . . L -,
Lt o . ’ : cones ‘ ’ )
© csum absolute value )
) i k " KRN numerical and;Mome Caro .« ¥
‘ dlff'erence‘-‘ - ’ « distance :; . 4 'methods o
. I : L e . ’ _—
_ © pgoduct .. Ly repeatihg decimals’ . geometric and, aﬂthmeﬂc means. e
i e‘ - * - 3 : .
¢ 'quoﬁem of'complex numbers quadratic Tormula v standard dgvlaﬂon‘ 1' : .
.: )—9 7 * -t B b " ° ’ -
. é ‘
R mahices . . proporﬂons o . 'plaoevalue L e 2
. e >




v S ,
. ' (_ computér-g'enmtgd-pichues are all interesting topics for a secondary fcffppl arts department to

L]

pursiie. . - . _
.. Computers aRd telated techtiology can be useq/ in the¥thools with regard to the following ac-
X - tivities. . T .
i - ° . .. ¢ . ¢
1. Present unfamiliar concepts and principles in an interactive textbook format to students
at computer termipals ° \ \ . S

hd .

2. ‘Generate, administer, scére tests.and reporf results

~

3. ProYlde individualized tutoring to students-

4., Drill stuidents on new skills ‘

E;. . Dlagnbse leaming problefns}a_nd error pattems -

6. Help students leam algorithms for solving problems
’ ..7. - Promote Iea}rhlng tluoughﬂdlscowie;y '

8. Manage complex, multimedla learning environments Lo

9. Provide stydexﬁ; an additional Jmeasgre of ;xiotivatiog to learn mathematics

.- There are many variables that govern the use of;the computer in the classrogm, such as the
topic to be studied, the avallability offomp‘uter facilities and the programming ability of the .
students. Each ‘of these’ variables may have a broad range of valugs.”There may be occasional or -
frequent access to a computer. Students may work in groups.or Wd@y Students may be
able to run canned programs, make minor, modifications in existing programs or write their own
‘programs. Each of these condttions affect and are affected by the"planned use of the computet, -

& - -

L ~ - o Progr'lm:l'ypu ) .
~ < . . L
. The type of‘prograr_n used is the key factor i determining the success of a strategy . There are |
six major ‘types of programs — drill, exploratory, branching drill, game, simulating and student-
\" Wlﬂten plwa]llsP . oo * ’ ' < N vy *

S . - ¢ .1 - - - it
' Drill progrims are’cannéd programs’that give students practice In areas such as arithmetic of /
whole numbers, multiplying binomidls orMfiding rosts.of quadratic polynomials. The program niay
'imﬁmdrbethestudent’spr?gnjgandstoreh&naﬁleo:prknhatﬂnetmnlnal. “ o .

ms that perform extensive calculagiqnsford)es\tudent.' ‘D
*These programs may be modified to sult the needs or. desires of a particular student by stpplying -
‘ datiorchinﬁngaparﬂculaglimofthepmgam(such°asﬂ1edeﬂniﬁonofahmcﬂonl.§umplq
" + Include tabulating functional values for the purpose of ggghthg; calciilating the nth term of & se-
N . quence,cakuhﬁnchunmnwanrakuhﬂngﬁjemamofsevemlamplaﬁohapopuhﬁon‘.
T (Mﬁchmay,beusédtogbnﬁuctahistogmmtolllustratemedkmbuuonoﬁl‘nemeans).‘__.

m-ﬂM'mMmmmmatMWheMmeﬁwﬁmbk' v
.+ caute of errors make by students and provide substantive remarks toward comretting these errors,
o _ pgobkminlatcdbhpaﬂadustudmtdﬁﬂaﬂtymchmnmmmd&eqm‘m-
;’, , g i cy by the progrim. (Fpt instance, {n & multiplication dill, # students have troy' multiplying by 7,
L—‘;".-' ’ : . T i , . - - N ,:t N . .
i‘ L

Wymamareqanned'progmms

. ~: »

*
e . r
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e .- topics n calculus ahd analyﬂc geomdty -tépics in the elemértary functtons and topics tn pro-

’
°

. .such problems are chosen more often). Examples include a signed arithmetic drill thz( checks for ‘
) : proper calculation. b common denominator. A program on word problems could check where .
_appropriate formulas are ‘chosen and proper values are assigned to the variables. '
s Game programs provlde students with aniusement as.well as motivation for applying o '
. I, mathematical concepts, learning new. concepts and creating and writing programs for their own -
. .+ games. Few schools can provide computerized games solely for amusement pufposes. However, a
student who writes a program for a game may develop many programming-skills. Games can pro- \
'» vide more than.amusement and these are ‘most appropriate~Drill-programs cani. easily be turned ‘)
into games by adding a reward system. Other games encourage students to use their knowledg!'
of probability to devise strategles for playlng games R _ - o
- z <
Simulation programs_ model some phystéal process or experiment and produce observaﬁons of
that process..For lnstance students asked to flip a coin one thousand times and record the results
are almost certain to become bored and not complete the task. However, a computer program
< could quickly simulate the process. Such pregrams may b® canned or writte by the students. Ex-
- "amples include coin flipping, genetics problerhs, cereal box prize problems and®grocery store
games. Simulation programs are particularty suited to illustrating ideas, from probability and
* statistics. .

» o~

: Student written programs may. pro{dde students with opportunities to learn a* great deal about
topics when they write programs concerned with some aspect of the topic. The-learning occurs *
since one must have & precise understanding and an appreciation for details of a topic before it .
can be programmed The broadest range of. mathematical topics may be covered by this type of
program ; . - v

< « Resources and Topics ' ~

Assumlng that the basic objective is to use the computer to enhance mathematics learning at
several grade levels (and thereby’attain tndtrectly many of the goals of computer-ltteracy or
. thtnputerprog:rammlng classes), then where might one begin?
- e
xS The most common approach is to give the studenis the task of writing simiple computer pro-~
. ms whlch address sdme topic in the mathématics course. (For well over a decade problem solv-
with the computer has been undérdeveloped by educators). There isa ot of good material in
ence. However; two publications are s6 important that they are'designated as required
readlng on the subject — back fssues of TME Mathematics Tedcher and Computer Assisted
. Mathematics Program (CAMP). Theserious mathematics educator is undoubtedly aware of the
importance of The Mathematics Teacher but may not be aware of the excellent and current ~ = ~

. ; coverage which this publication has given. for many years to mathematics topkx that can be S

enhanced-through the use of a computer (or calcylator). The CAMP serles may beless well- Vo o/
known since it is nearly 10 years old and (though most volumes are still for sale) is out of - print.

" But the CAMP sertes was s thoroughly done that its Age, even in the fast-moving computer field, \
cannot fault its quality asa lum refererice for mathematics edticators. It provided a mgdel .
. andyimpetus (and many of the topics) for the supplemental computer exercises which appearin i
many textbook series today. CAMP gives computer exercises which e\nztknse such fopies as Grade-

8- fracﬁons decimals and percents; squares and square roots; propertie®of the system of rational

‘numbers; equations and inequalities; Grade 9 - absolute value; conditions with absolute Yalue;

dtstance between points in the plane; reducing terms of fractions! linear équations; Grade 10 <

A pamneltsm, quadrﬂaterals area; Pytfiagorean theorem; similariw; coordinate systems and dtstance .
. . Gradc 11 -relations and functions; linear programming; the guadratic formula; matrices; Grade i2 .

{
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Beginner’s All-purpose Symbolic, Instruction’ Code {BASIC). Today's versions of the BASIG
. language can be quickly learned by student§" who have never programméd yet, for the a.glvanced .
. student, provide many of. the features of- their more complex counterparts FORTRAN and
: COBOL. rn
L] ' € A ) ’
. ~ ‘

i
kN
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. ‘ The Mechanics of lmplementing Computer Topics

v ldeally, tere would be a room containing 20 or 30 computer terminals of varying capabilities
connected to'a time-sharing computer, monitored full-time by a computer-wise paraprofessional to
help stud complete their programming assignments. Dream on! Terminals are not yet that in-
_expensive, altd, in most schools, integration of computer use into the curriculum has not comé far
enough for that facility to be cost-effe¢tive. What is happening is this. A school will have access to
computer terminals which are capable of communicatipg either with a large time-sharing computer

,' student connect-time from these limited facllities. Here are a few polntersAoward that end.

) #

LY

° 1. Schedule time. carefully. Sign-up sheet on a clipboard should be attached to the terminal
' * (Note: Most terminals do not require:constant monitoring l?y faculty.)

2. Place the terminal in a room which has direct access from oytside the building so that i
. selected students can be given access at night. (Note: They could also process paper tapes
‘prepared by classmates on an off-line terminal during the day )’

’ 3. When possible, use portable terminals which can be checked out to students for use over
phone lines at night. (Note Mosf time-sharing arrangements offer less expenslve computer time at .

nighy. .
. . : .
4. Use the batch ‘méthod. There are ‘ﬁ}:ﬂnes available which allow students to write programs

by marking mark-sense cards. Though this detracts from the students’ experience with using an in- ‘ P

- teractive computer. terminal, jt is an excelléfit way to permit a large volume of students to write
programs and get computer-printed raults for reinforcement. £

"But What If There Is No Cornputer? o W

. How does the educator meet the,needs and exploit the opportuniﬁes@of computer appllcations ifo
. there is simply nd computer available? Consider the followlng . A

Pl 4
L - 1: Beg, borrow or othémise‘arrange There are virtually‘«no schools so isé’fated that no com-
r . puter is nearby. Local businesses, banks and universities will frequently permit accwgto their’com-
.~ puters for little or no cost, as long as such use does not Interfere with their operations. Such ar* -
rarigements may mean evening. use at the company’s site (stuqent voltinteers will readily accept
- suich tasks) or perhaps a time-sharing line to the school. Computer vendors looking for
a few years hence may also be helpfuls PTA or othér commiinity groups have also h
" fund such operations. Basically, it(is wise to%redrember that availability of computerfacilitles
more often a funcﬂon of the educator's enthustasm than physkal limitations

\. ,110{

or with an in-hduse microcomputer system. The goal is to get the-maximum number of hours of ‘

-




‘ l -

2. Computer courses and topics are sometimes taught without computer access: Most tests and
outlines of mathematics topics are largely computer-independent, and, although the hands-on‘ex-
perience is undeniably a valuable motivational factor for students, a certain amount of enthusiasm.
is usually retained without the machine,” merely because of the different approach to the “same old
subject.': :

X .

3. Fleld trips to computer installations, movies about computer applications and guest speakers

(parents and local professionals) can enhance a section of computer-related mathématics topics.

. Engineering firms which use computer graphics and banks which have large data-processing

_integrate desirable topics into the mathematics: curriculum.

volume make excellent field-trip sites.

- ¥ Conclusion *©

» - .

. Inclusion of computer-enhanced mathematics topics in the curricalum permits operating op-
timization of instructional-computer use for the largest number of students, and: help mathematics
educators respond to the growing need for computer literacy. There are topics at all grade levels
which are well-suited for teaching with computer aid, and there are sufficient publications available
to provide educators with tried and proved ‘materials. The challenge, then, to the qwdmem’(ﬁ;s
educator is to carefully research the literaturé, consult with colleagues already using computers and
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] .. T S . Strategies for * .|
. S . Working with Students -
L : 'through Independeit Study

There are many misconceptions about the nature ‘of lndepen&ént study. Often it is thought of as

unstructured and unevaluated work, designed to provide more freedom for the teacher. Some. .,

" view it as selfish and antisocial on the art of the student, while others believe that a simple change:
in the rate of study constitutes independent study. : s o '

Independent study does not just happen. A great deal of planning and organization are required
of both the teacher and the student. In order to be effective, independent study must be struc-
tured. This paper will provide a number of techniques for ‘structuring independent study.

K . < .
Identifytiig Students Who will Beneft from Independent Study . .

Independent study.is a learning moe that does not characterize a particular group of students
but 2 way in which an individual student may most effectively.learl"a specific topic.
Because gifted students learn quickly-and easily, they are often considered more successful at in-
dependent study than othef students. Many have been learning indepefidently for yéars. Indepen- _
dent study provides a viable alternative for gifted students who are not being challenged in the
; regular classroom. However, if the gifted student is not genuinely interested in the topic of study,

then the student will not put forth the necessary effoit and will learn littie.

2 Q A student, of course, need not be gifted i onder 13 benett from independent study. The most
\ successful independent study students may be those \gho are creative and self-motivated. A stu-

' danwhoisapedaﬂglnteiostedlnlemnmgaboutaparﬂgularsubjectwlllworkdlhgenﬁyatltand ’
wiﬂrequiiehtﬂeprodd}ngfromﬁteteasha. : .

. f I3

R A T ) .
"+ .Interviewing is a valuable technique for determining whethet a student will be successful at in-
dependent study. The teacher should ask the student what work has‘been done. The response

*

neednot_nl&egomﬁlmaﬂcsnmmgdﬁiefmngeﬂwlybew ted. if the student s
. has'gmmadeagoﬂecﬂonsuchassmmp‘soreomé,'é’métédapréhctha fair or studied
”.  some aspect of history such as naval battles ‘or ‘the civil war, then the student may’be a good pro-

: fwhdcpcndaﬁtimdy.%etéachershould'beakﬂ‘fmewdemgﬁmﬁnsmdgmhasspenta

Portion of frée time working on a project feflecting the students interest, - - i

3
’

- .~

; Helping the Student Get Started e S \ _

™ “The teactier begin'by sharing with the student the philosophy of the program, describing <~ |
- any administra: Hmltaﬁonsandexphiningexacﬂgwhatwmbeqpeded.lﬁm,thetexhet . ‘

- _should work-with the student to determine the topicto be studied. Often.it is helpful to provide a
.'hstofaltahaﬁ\_m.Unlmthestudemalreadyhasageﬂnﬂetopicmmind,ﬁustraﬂpnma’yresulti{

d choices. . ) v . :

s R . . <

Aftét the topiclhas been Me:itplnéd, the teacher mustwhelp the &udent locate résource mateﬂal
: to show the student how to find material rathér than for the teacher to actual
. Iy gather the

al. Research,skills must be taught to those students who have not'yet acquired
them. As.the student locates materials whichi ray be useful, the student should list them in the '

.




Phnnlng and Organlzaﬂon

After cbmpleting the blbllography, the student should make a contxact or plan which JIncludes a
statement of goals and objectives and the activities that will be performed to achieve these goals
" and objectives. It is a good-idea'to have the student set deadlines for completion $f each activity.
This will require tHe student to budget time and it will provide a means for the teacher to deter-
* mine whether or not the student is on schedule. The contract should be signed by the teacher, the
student and the student’s parents.

¢ [

) .
N
-

. . %
Students sometimes object to writing a contract on thé grounds that if they knew enotigh to do
~ that, they would not needto study the subject. At this pois, the-teacher should stress the impor-
\;ance of plannlng and explain that the first task is to find out enough about the subject so that the
- student r may plan effectively. ° o, . R
Another technlsu& for good planning is to have the.student submit.a weekly statement outlining
. plans for the coming week and descrlbing the progress made in the past week. This may be com-
pared with the contract to det e if the student is working on schedule or if the schedule
should be revised. =~ o, -

Formative evaluation — and subsequen’revision — should be applied to the plan for the study
in°terms of appropriateness of'the various components such as goals, objectives, activities and
Si:hedule: K . Y "

LR . t 2

~
.

'Requiring A Product . .
All independent study students should be required to produce some tangible product as
evidence of their learning. In other'words, they-should have something to show for,all the work

they have dOne Products which receive recognition frghh others are especially rewarding.
5tudents should be encquraged to enter projects in mathematics fairs, present papers at student
symposiums, submit papers to mathemaﬂcal journals or present lectures to mathematics cluwi
- mathematics classes

Evajuating Student Progrceu

One of the most important aspects of evaluation is self- evaluaﬁon The student shbuld frequent-
" Iy be asked\to state, eithet orally or in writing, what progress has been made toward reaching thes
goals and objectives. Thus, the contract will serve '%s the basis for evaluation. ’ .

Thd teac'her must evaluate fhe qualify of the product keeping in mind the ability-of the student.
Slans of lncreased self-dlscipline and self-db'ection may also serve as evidence of progress.

. e
«
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.* Independent study is an extremely valuable learning method for.some students. The teacher . o
should not limit a student’s range of studies to those subjects which the teacher knows bew *
student progresses beyond the Ievel of the teacher, then the two simply exchange rolés. Th ~ -
+ be highly rewarding for both. . .
Suggested Topics For Independent Study
‘ A - [} 4
Thie following list is intended to give a general idea of the kinds of topics that are suitable for in- ‘
dependent study. It is by no means complete. ‘ ’ ) :
L 9 r - .
Number theory o 2 History of mathematics
‘ Sequences - . , . Problern solving '
Series B Unsolved problems -
" Modular arithmetic o Topology * - ‘ o . .
. ’ . CT -, ' - —
Numeration systems ) Infinity / Lo .
' . Gaussian integers " Pascal's triangle - =
t . N
. : Prime numbers - Decision theory 1
. . . - :
. . Y l : ’
. FiniteJ arithmetig\ ’ + " Information theory .
s . Group' theory . Linear programming . ’ )
" Game theory CoL Probabilty =~ S ‘
te ' R * N
. " Graphtheory - 7 Symbelic logic ! .
~ ’\‘ . ’
Projective geometry’, v R - . Boolean algebra_ \ T \
) . : . > ' ‘ ) ’ " R *
s Non-Euclidean geometry ' “ S_witch.ing circuits S (
A Solid geometry - Mathematical models " ! : ) )
N L 4 2
. Braid theory :" . Computer programming® - X . J
o a, ) * ' - |
—p . i “ « " 3 - ) .
L] .
- / — ‘ . 4 . ‘ .
* ( ' ‘ - ' 4 o !
: t s 7, : ° ¢ )
. ’: ’
® o .
o ol :
' . b K ' ).V - . - o, .
- ’ /(:
. [ st j . . J/ 5o / T . :
- . . . S-35 . , >
, 92+ o
. ’..l e .
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Mathematics Learning

' . .
’ S

a L

In several other sections of this guide there are vdsious suggestions for evaluating mathematics

leaming. The purpose of this section is to provide-a point of view on evaluation, &e‘vﬁlop a
framework for discussing evaluation and relate this material to the rest of the guide. A fundamen-
tal assumption is that carrying out evaluation of mathematics’leaming requires expertise in .
mathematics teaching. 1t'is not a taskthat can be left tq the outside specialist. The evaluation of

» mathematics l¢arning must follow from our objectives and strategies-for mathematics instruction.
The process must not be allowed to reverse itself and let the principles 'of evaluation dictate the

* . objectives of mathematics in ction, © .’ ) . . ' ; oo

.
.

-
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Information about mathematics lLeamlng"is usually gathered because a decision of some sort has .
to be made, Has’the student learned a specific ‘objective? Have objectives been learned to g, -
satisfactory level? Shoulke particular textbook be used? Has a program worked? Evaluation of ,
mathematics learning, therefore,is concerned with input into-the-whele-range-of-decisions that .
must be made in organizing and h?plemenﬁng a mathematics program. _— b
* Evaluation is an integral part,of the instructional process, Assessing the matften"lgﬁes perfor- .
mance helps students setpersonal goals, provides thein indications of their progress and can
. develop motivation. It is a source of feedback and reinforcement. It can provide asense of stability
and organization fcghe mathematics course as perceivedsby the student. - oL

Evaluation also serves to provide information to:the variolis groups to whom the schools s})éixlg
be accountable. This includes parents, the general public and those who determirie schoo] policies
afid funding. Mathematics evaluation ‘provides not only the-opportunity,to describe how programs
aré’doing, through test scores and the like, buf also, if.thoroughly Yeported, the chance to discuss
the nature of the program. Unifortunately, inadequate reporting ofterf provides statements of test
scores, no discussion of the program and a misrepresentation of the mathematics program by the
implication that the content of the test covers the cumiéulum. . " . <. :

[N
-

* Mathematics evaluation is also done fram necessity. It is prescribed, .in some cases, by mandates .
from biiffide the school system, & . . .

L~ LA
~ ’ -
-

——— .

Given that several answers to the Question “Why evalua}e?",cén be glven, it is clear that )
mathematics evaluation will be dorie and it shéuld be done well/ To do.it well requifes the in-
terest, involvernent and dlrection of mathétgaﬂésrjeachers at eve/ry step — from selecting objec- -
tives to reporting and using the data. ' e . : . '

C S What is Evalua‘tio:‘l

.

N .
‘ .o < ¢

.
.

. . - . DI ¢ A v
A lot of evaluation activities are part.of dperating mathematics programs. These activities include
, the-assessing of mathematics learning, .the selection and improvement of instructional materials, - .
‘ . the observation of teaching techniques and the judgment on the quality of mathematics programs..

. " “The concem 1 this statement is with evaluating mathema learning and mathematics programs,

but evaluating is much more‘than tegting. What, then, is evaluation? __ - ‘
UL . . Yo . ) W ~\\ .
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To be sure, valid mathematics tests are important for some of the evaluating of mathematics
learning and programs. But, they are instruments f the evaluation, always with certain limitations,
and the data from tests are only one element of the evaluation. .
" An evaluation is analogous to telling f story. The evaluaﬁon must weave together all of the in- -
* formation, of which test data may be ap important accumulation of facts. Other information may

4" be critical to the story, e.g., observations of the students, observations of the tesfing, descriphons

of the, program, the teaching or the students’ background. The evaluation process finally, at some

point, rests on judgments, The human mind is also an eyaluation instrument. Judgments-are

made inthe selection of tests, in the interpretation of the data arrd in maklng decisions based on
_ the eva1uation

The evaluation process, therefbre is a sequence of informatian gathering, lnterpretatipn and.
decision making. In ‘determining a student’s grade for a unit, the teacher gathers information from
tests, homework, cladsroom interaction and observations; the teacher makes judgments on the
relative importance of the different kinds of information; and the teacher amives at a grade. The
teacher is surely guided by concerns for quality of thg.mathematics, fairness, validity. and reliability
of information and consistency, but the sequence of information gathering, interpretation and decl-
sion making has been followed. The letter grade is only a small part of the whole picture.
Likewise, in evaluating a mathematics pyogram, someone gathers a lot of information (e.g.,
description of objectives, data from tests, descriptions of the program or observations), provides an
analys of the lnformation and ' presents the result in a manner reflecting an interpretation of what

-

L itmea s .
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P SR ) : . Evaluated?

el

When mathematlcs -evaluation is mentiéned, many aspects of mathematics programs, teaching
and learning-may be the’ obje¢t of: inquiry. The following is a partial list.

RS L )i? 7

‘Evaluating students! leamlng of . C o
[ . .

N A\nath/émaﬁes knowledge
— mathematics skills ¢

. " — mathematics understanding , . . / ®
* © — mathematics problem solvin,g - SN .

— attitydes toward mathematics ,
~—* appreciation of mathematics ‘ . ) }
— mental skills in mathematics_ -
. ‘ A .
Evaluating mathematics programs .
. ¥ ’ 1 X/ . . N
—_ 903]5 . ) . / v o ) )
— students’ performance , . T
.~ judgments N ' :

. - ' What is
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g . Evaluating mathematics-teaching e \/ A

. ‘ — observation | ° . o . '

T - self-evaluatio ) et e ‘

, — microteaching  ~ s § 7
— the effective teacher -

- - Evaluating mathematics materlals 4
. " . ‘ N
. ‘ - te)_ctbboks - ° - ‘
. T — tests 3 : ) 3 : M
. « — supplementary materials ' .
. — Aonprint materials
o — computers . ¢ v ‘ : p
' — calculators . .
- teacher-m!age materials " T "

- a\. N “ . \ ’ .
' As stated earlier, the concern here will be with the evaluation of learning and the evaluation of
..+ = programs, To be sure the eyalixation of teaching and th& evaluation of materials (selection/pur-
chase, instructional; hdw well they work) are extremely important evaluation activities. The o

evaluation sequence is similar, but the ltechniques required are quite different. r .
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Lo e A'Framework
- - -~ for Thinking About : >
.+ = Mathematics Evaluation

s L

. N

- A useful technique to discuss particular evaluation tasks ln.math.emaﬂcs*is fo construct a

. framework or model. There are many examples.in the literature, most-of which have some con-
B *  nection with the early work of Bloom (1956). One ‘of the most comprehensive is the chapter on- N
; . the eyaluation of studenf leaming in\mathematics by Wilson (1971)-in which there Is a detalled,
o deveéjbpment of a model followed by extznsive examples..Other examples are provided by Begle. g

and Milson (1970), the National Assessment of Educational Progress (1978) afd by Avital and
"' Shettleworth (1968). L - C ) g o

‘ S ek

»

. . . . o ,
... - Thebasic strateg{;) of these models of frameworks is to discuss mathematics objectives, . "
S ' mathematics test items or oihgr‘ types of mathematics pérformance, e.g., observations in terms of -

two dimensions — ‘mathematics content and cognitive processes used in doing miathematics, Both
the_content strands and thé processes categoles have been stressed elsewhere in’ this guide. They *

. A A El
are summarized here. - A . .o :
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: * Content Strands
— Sets, Numbers and Numeration . ‘

< Relations and Functions ]
Operations, their Properties and Number Theory
‘Geometry . " .
. . Algebra -
Probability and Statistics .
Measurement and Estimation
. 'Compdting and Computers
. Mathematical Reasoning and Logic
* Processes .

. . a
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. . Mathematical knowledge
Mathematical skill

. Mathemgtical understanding \ d
Mathematical problem solving
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: - ~ PROCESSES
: S

* Mathematical .-‘Mathematical Mathematical Mathematical
CONTENT Knowledge Skills Understanding ~ Problem Solving

\ B - b
Sets, Numbers )

and = 1

Numeration .

-

» Relations and , N T -
Funcﬂons . .

-

K Operations, Their
Properties and
Number Theory

Geometry

. oAl
© —

_Algebra .

Probability and
Statistics N K

. Measurement o ’
A ~ and N i , .
Estimation . . . -

Computing and o ' - .
Computers ——— :

Py ". D -

Mathematical . S .
Reasoning '
and Logic N

- x ‘A framework for specifying mathematics learning objectives and qutcomes. e,

[ .
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The two-dimensional grid on the preceding pa provides four cells for each content strand, -

" emphasizing that for each strand there should be & concern for knowjedge, skill, understanding

and problem solving. It is assumed that the proces$ categories tend to pe hierarchical from
knowledge to problem solving! An objective or test item that deals with problem solving will also
require certain knowledgeﬁskllls and understanding. An understandlng%ltem,may require the use
of subordinate skills and knowledge. g : S

Constructing and using such a grid should concentrate on the speed of processes for each
strand rather than where the-dividing line between processes might be. The grid is merely a o
framework, a heuristic device. If there seems to be doubt as to whefher an item or objective
measures understanding or problem sol6ing, use it in'éfther. The i portant point is to recognize
that there is a gradation in the. complexity of objectives, tasks or test items for each strand, from
recall of facts, to skills, to understanding, to routine problem solving, all the way to creative prob-

lem solving. < ’

o~

¢ Examples of using the framework

f

.\

4

The objegtivés in Colleckion C, those mathematics objectives presumed necessary for productive
citizenship, have been placed (by number) in the grid on the following pageSome objectives fit in
more than one strand; some fit in more than one process column. Readers may not agree with
either placement, But Collection P and Collection E could be examined in the same way (an exer-
cise for the reader). T T '

“ ; / ‘-.‘f . ‘

.
o 13 \\
- ‘*"1
P
.
’ - Pl /: .
.
- v
. . - 2. Ll
. I R \ .
.
- ‘ ¢ N
. !/ - ,
hd - » N - 1 f
\ . ’
..
«
2 - .
A <
- °
[ . a
¢ [N
»
¢ Cae
’ P \ £ [
'
. ~ 21 ~
Y
¥ ‘ B
? ! . £
- Cd
- I
LA
Loy
b « .
» oy . B
.
. .
. N !
v N
' : : ' ‘ |
~
- : |
. .
N |
'
. |
- . |
., « S i
L] 2 PA !
” .
¢ E-6 - : i
C 9y -
.
B4 [} - BY;



.

-

2

CONTERT« -

*Mathematical
Knowledge

¢

"~ PROCESSES

Mathen:;atical .

Mathematical

Mathematical

Skllls\ © 7+ Understanding  Problem Solving

' A
-. Sets,"Numbers
and
Numeration

| " it.?/*L)

43

\

!1 ?’/ 3’/7‘/
28, 35,32,

%o

30, 37,

3¢

34,3%,"
(

Relations and
Functions

LY
2

47 24 42,
43

-

L2Y,3, s 1%
11, 1o, 24
28 2930, yo

23,39,37,

2%

%1

19 3¢, 38,

’

< Opetations, Their

Properties and °

\/' / Number Theory

7; g/ q/ %)—/._.
“3

5, 7,19,

"I 2./' '2‘7/
39.
(

134%, 3¢ .

o
\

LN

Geometry

15, ¢,
¢3

11s,16,17

18,19, 29,21,
-5

ia,"zs)
37,38

19,22, 3¢,
3¢

4L, 43

y lz-/ -37/
| 38
A

i

3¢,38

-

Probability and
Shﬁstlcs

35,4243

2% 7'?/ 3o,
11,31, 33,
25, 30

12,3537
3¢

33,3438

Measurement

and
Estimation

zx(./.‘z,S, .

' ,Lfg-)'.L}}

19,21, 13,
25, 26y 27
29

12,23 /33

3@;5‘1
-

I‘?} 22,34,

13 ‘

{"Computing and
Computers

.L'L/ 7} 8/ %
13, 35,4,

S

567,101,
19,23,29;
30,35

137, 3.

WAL

7

7

, «
Mathematical
Reasoning
and Logic

Y4, 43

3‘7/ Yo

¥

3%, 38,4/

>
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A framework applie d/to collectio,ﬁ C objectives.
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" +~ Some of the objectives are so broadly stated that more than one process level is included; e.\g.,
A some objectives are “and” statements where one part is skill or knowledge and the other is prob-
- lem solving. A similar exercise on test items fo nfeasure these objectives will be more specific. Ex-
cept for some very general objectives, however, it is clear that the bulk of Collection C deals with

' ) - mathematical skills and the associated knowledge. A reservation must be Stached to this observa-

I tion in that some objectives, (e.g., objective 6) deal with a.much larger chunk of the cumculum
Wr & than others (e.g., objective 35).

When the grid is used in ogram planning, writing tests or lnterpreting the evaluation,
judgments must be made a5 to the relative emphasis assigned to each cell (that emphasis could be
zero, but it ought to be a conscious choice). Each cell could, for some purposes define a measure
or, for other purposes, a strand or a process column could define a medsure. Often a sihgle test is

» purpoérted to measure the whole grid when in fact only a few cells would have items from the’test.
" More often the tesf user has not given adequate thought to what the test has measyred.
. L 4

‘An adaptation of this strategy for a particular unit or course would be to replace the general .
content strands with the particular topics in the unit or the courseLThen the grid could be used to
, analyze the objectives of the unit or course, decide relative weights and"émphases and to construct
tests. ¢ ¥ .

N

A ]

/ = Program evaluation cotuld use the gria-ln the discussion of xésults of. testin§ The cells in the grid
could be used to highlight strengttis and weaknesses. For example, National- Assessment uses therr
grid to organize the reporting of results according to process levels (NAEP, 1978).

_ the standardized test into a grid and use this classification in the description of tife resulis: Part of -
" the discussion of results must deal with the congruence {or lack of it) of the standardized test with
the goals of the program. ’

-~

. é’
.o ' Techmques
, Given the broader«view of mathematics evaluation as information gathering, interpretation and )

~. decision making and the grid as a heuristic device for organizing the progess, what various tech-
niques could be used? There are many.

- . . - %
. -

No technique can guarantee.good quality. The, task of the mathemaﬁcs teacher is to apply good
quality in any technique..Writing or asking good ; ‘mathematics questions, free of error, in clear
language is a requirement that transcends alf téchniques. The quality of the mathematics is not a

. - ction of any particular technique. On the other hand, certain technlques can be limiting, e.g.,

¢ 3 . ¢
- v *

multiplv<c\tflce‘questio?s Mathematics teachers must monitor the quality of any technique.

3
-

e Clauroom Tests C o .
Making and lnterpreting tests is a major professlonal activlty of mathematics teachers. The grid (
- serves the purpose of helping enhance the content validity of the test — to help insure that the
Y test measures what in fact has been taught ‘and studied. Whether a topic is specific {one cell) or”

+ addresséd with the grid. Writfen tests are a major instructional‘tool.

3
- <. L .

. . . E-8 - .t

O ‘} .

\ .
\ Another example, where a standardized fest has beer’ used, would be to classify the items from '

“ comprehensive (a whole strand) the correspondencé of the items to the classroom activities can be -

N

-
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. *® Homework : ~ .

g Most teachers use assignments, whetNer homework or seatwork, as an adjunct to lnstruction
One becomes proficient in mathegatics b domg mathematics. Various.management schemes can
be used to incorporate students’ performance on homewiork. into an’evaluation. For examplé,
some teachers s#ore each assignment, some score only seletted asslgnments some use Student
checking, some note only the completion or noncompletion. Regardless the homework perfor-

B mange can be one source of evaluation information. v v
. & ) . .
. ) . N v -
. ® .Projects - < ' ' . L SN——
N ¥ Some coufses lend themselves to independent study and extension. Assigning and grading a

student project car be a means to assess this aspect of a students’ mathematics. Several courses
outlined in'this gulde suggest this evaluation technique as one part of the_evaluation strategy The
project can lead to either a written or oral report o .

(Y ~ L ]
’ * Interview ]
“ /
T A dialogue with ‘a stullent, as the student solves a problem, can provide considerable insight in-

4 -« to the students thinking. It can he]p to pinpoint strengths and weaknesses in the student's -
: mathematics. It cap provide the teacher information for instructional decisions. ~—
©~Oral Quizzes -, S » .

-
s . » - -

‘ N (-3 “ e -
‘ * " Often a short oral quiz to a student"can provide the teacher information to co_r;ﬂrm whether the
- * student is yeady tb ffiove on to a new tepic. It can give. the teacher a chanceto probe if & minor

et('ror has been committed: It can give the student a chance to explaln .
. o Standardized Tests - Y . LT
4 Standardized tests are of limited tise because of the_ekpense and because they seldom fit Ihe
course very well. The misuses of standardized tests are legend. Nevertheless, standardized tests dd .
‘ grovide norms and th"ereiore a benchmark against which performance can be gauged.
* 4
. Crlterlon-Referenced ’l‘ects T L. . .
- Griterion referenced tests have items or sets of items associated With speciﬁc objecﬁves They i
Ce T are_no more appropriate or valid than those specified objectives insofar as application to a specific
_ program,, school or class. Hence, if the objectives do not fit then the test will not fit" elther
. ' . . .
. Y Student Performance Prescfiption "~ , - . \‘ o
. Some individualized coyrses carmli’ejuse of studént*prescﬂptions There are several forms and
. management schemes for these, but essentially a confract is written for the student specifying the
- .., payoff — thegrade for accomplishing particular assignments. . . .
- . . ( . { . . »
ik ST - 0 ) . ‘ : - °
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Evaluating

. S : Mathematics Affect -

7

P

Attitudes toward mathematics, anxiety abouit mathematics and appreciatio.n of mathematics are
learned outcomes in ‘mathematics programs. They are the concern of mathematics teachers. Feel-
ings and bellefs are important. They influence students in subtle ways that are not well .
undergtood. Clearly, positive attitudes are desired, undue anxiety is not wanted and every student
should appreciate mathematics. ;

A formal discussion of attitudes, anxiety or appreciation is not required. here. The chapter by
Wilson (1971) and the national assessment objectives booklet (NAEP, 1978) devote considerable

space to these topics.

Informally, however, teachers should be alert to the affective goals of mathematics. Some _
aspects of these goals are the following. &

o Mathematia in Schools » ' . .

How do students-feel about the mathematics they experience in school? Do they like it? Do they
think it is-important? Do they thipk it js easy? The national assessment has assessed these attitudes
by asking questions about specific mathematics fopics, such as solving word problems and working
with fractions.

. Mathematics as a Discipline - ’ .
What are students beliefs about mathematics a.s a field of study" What are students beliefs -
_ about mathematicians? .. .
. |
° Mathematics and Society - " -

. . &

What are students’ beliefs about the value of mathematics to society or to ‘the individual in the %

society? _
. * ’ ’ fad
* Mathematics and Self ’ .

How do students internalize feelings about themselves iy relation, to mathematics?

These are four categori‘es of mathematics affect assessed Q nation®assessment (NAEP, 1978}.
The teacher can assess attitudes by observation, by talking with students, by listening to students
or by judgments. Self-report instruments, such as attitude scales, are of limited value and 4re ndt
easily interpreted. Mathematics appreciation can be assessed informally by observation and talking

with studepts, but it can alsa be assessed by written assignments (and correspoqding instruction)

.that dealWith the value of a mathematics topic. -
- .
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‘ L S Sumh_lary and
' S | : ' “"Challenge

t

4 . )
Evaluation of mathematics programs’and learning perfneates much of what mathematics ’ ~
. teachers do. Yet effaluation is a tool and an adjunct to higher quality mathematics programs. The
. goal is to have the best possible mathematics experience for each child. Evaluation can help ac- .
.complish that goal by providing information to the teacher for improving the experience. The

challenge is that our evaluations must be of the same high quality as our instruction, yet truly ..

‘ serve that instruction rather than dominate it. . , ..
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o L Mathematics Content
(. (e and Objectives —
| - . Point of View

In an age and society-characterized by change, the secondary M curriculum rhust be

flexible enough and forward looking enough to accommodate students with diversified ahd chang- ’

ing career goals. This guide, Mathematics for Georgia Secondary Schools, is designed to help

local curriculumycommittees and teachers plan content that Is appropriate to the needs bf their
high school poplilations. See the section “Developing a Mathematics Secondary School Cur-
riculum” for su ns on steps for developing a cugriculum. T e

~
L]

The mathematics content of this guide Is organized into strands or topics as the basis for the
core of the curriculum. The objectives are grouped into three collections. Collection C contains
those objectives which give the knowledge, skills and processes presuméd to be necessary for pro-
ductive citizenship. The objectives identified in Collection P are presumed prerequisite for post-
secondary studies not requiring concentration in the field of mathematics. Collection E contains
content which should prepare students for postsecondary studies requiring extensive mathematics.

-~ .
- i

These collections should in no way suggest a tracking of students. Practically; a student might
change educational and career goals one or more times during his or’her high school yeats and
might opt to change a mathematics program of study accordingly. Emphasis should always be on
flexibility of options. N . :

The strands identified in this guide arenot discrete. As evidenced by the code-keying of the*ob-
jectives, many relate to two or more of the strands. The use of identifiable strands or topics merely
provides. convenient organizational threads. Furthermore, the objectives are not all-inclusive. The
intent Is to suggest the scope and depth of a given topic for a specified collection of students.

\ .

Problem solving should be the overarching goal of all mathematical study. For this reason it has
not been identified as a strand but is presumed to permeate all strands. For it is only the applica-

. tion of mathematical knowledge, -skills and processes to problems that gives validity to their inclu-

sion in the curficulum. «_

Problem_solving is not intended to be restricted to verbal, textbook-type roblems. Teachers.
should seek realistic applications at all levels. In addition, problem-solving strategies should include
not only the routine applcation of algorithmic-type procedures but also should include such
strategles as the application of inductive and deductive methods; the use of pattern searching and
generalization with veiiflca}ion by logical or analytical methods; the.gathering, organizing and inter-
preting of information relevant to the solution of a particular problem. ' =

The content of this guide is intended to serve as a framework for committees or teachers in
designing a. mathematics curriculum at the system or school level. The refinement and organization
of the objectives into particular courses should be the function of the local committee. A sample of
course descriptions is provided as an existence model but is not intended to be definitive. Ideally,
each system will -adapt the content of the state guide to the unique ngeds of its particular student
population. . '

An extensive bibliography is provided in the guide. It is intended as reference for teachers and
committees in-their attempts to use and improve the guidelines included here.- .

-
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Sets, I)Iunﬁiers,
SR ’ Numeration_

4 -

’ ‘e ’ . .

.

With varying levels of sophistication in treatment,’noﬁons of sets and set relations permeate the
mathematics of the high school curriculum. At the most elementary level, set idea$'form the basis
for the development of classification skills and logical language. Even if not explicitly stated, set .
concepts underlle the precise and correct: use of lqgical terms such as some, all,,pone, at least and
*at most. . . . ’ ] .

. i .

+ Matching"sets in o one correspondence gives meaning to the cardlnal and ordinal numbe}s
that are basic to evéryday arithmetic literacy. Informal and intuitive use of set relations and .
language proyld a basis for-number relations as well as a convenient language for the dlscusslon
‘of geometric iddas as point sets. .«
~

Numeration provldes the means for naming numbers that is essentlal to communicating number

)

relations. At early4evels of learning, an understanding of base-{gn numeration is esséntial for effec- *

tive use of the computational algorithms. €.

\ ™ e » K

At the minimal level of competence for all students, an understanding of number is needed for
meaningful application of numbers in everyday problems. Hence Collection C objectlves lnclude
number and numeration concepts and skills. The order concepts of first, second, . . . last and the
cardinal uses of as many as, more than, less than, form the basis for daily-use of number The no-
_ tion of grouping by tens gives meanlng to a place value system of numeration. Its application to
naming rational numbers in de¢imal form is at the heart of numerical communications in a
comn;erclal technological society. o

C “" ) JE N

In Collection P objectives, number concepts are extended, to complex numbers with the primary ~
emphasis on real numbers and their applications in problems. Numeration includes suchr exten-” ¢
sions as naming rational numbers as repeatfng, nonterminating decimals; using exponential foris
in sclentific notation. The lncluslons of number concepts such-as betweenness and density provide
the necessary conceptual background to enable turther mathematics study if later career decisions
demand it. It is important to keep doors open to changing and developing career opportunities for
students who strive ‘fo attain Collection P objectives\lt.is better to give too much than too littlé.

. For the E Collection, a formal treatment of sets and ntimber is essential for the more

sophisticated classification schemes necessary for. the student of pgecalculus mathematics. This con-
tent includes a formal treatment of the concepts and language of elementary set theo ding
the construction, and analysis of proofs. In addition, an abstract treatment of the concept of
number system Is essential, with particular attention to the complex numbers to provide the
necessary background in this strand for extensive postsecgndary study in mathematics.

A

. . ] I}

.



' o ., o (‘)peraglonsy
e . Their Properties
. and Number Theory

< f ‘N K i ¥
Fundamental to using numbers in pioblem solving and in everyday application is an understand-

ing of operations on whole numbers and on rational numbers. Fundamental to ‘advanced study in

mathematics Is a sound knowledge of the real numbers as a system and the ultimate extension to
‘complex numbers. The notion of a system resides in a set, operations on the elements of the set ¢
. and’properties of those operations. : : ‘

. 1
“

Properties of the operations on whole numbers and rz;tionai-ﬁumbe'rs are basic to an iptelligent
use of the algorithtns for computations and the applications of operations in problem.solving, The
very inemorization of multiplication facts s made easier if the commutativily of multiplication s
recognized. (If one knows 3 x 9, one also knows 9 x 3.) Similarly, it does little good fo know
the subt;acﬁon’z:%orithm applied to base-ten numerals, if one is not aware of the noncommutative
nature of subtraction. It is not the word commutative that s important.at the minimal level of use,
buf’it Is the realization that 24 — 16 is different from 16 — 24; or for addition, that 24 + ‘16
names the same frumber as 16 + 24, e

s, in the Collection C objectives, the properties of operations assume importancé relative to.

“~=~ their use in applying the operation or in translating the operation intp computational techniques.

For example, the multiplication 2igorithm mak@s sensé-as an application of the distributive propet-

ty of multiplication over additiod. .- * LT . . .
Number properties such as odd or even are translated into everyday applications, e.g., north-

and south interstate highways are odd-numbered, east and west highways are even-numbered;

gas rationing schemes use odd-even numbered tags to-designate days for gasoline purchases. In

addition, a knowledge of divisibility, -primes, least common muitiple, greatest common divisor .

make computation with fractions méaningful. ‘ - >

Students aspiring to Collection P bbjectu{é\s should extend the ideas of this strahd to'the more
abstract level of. identifying and applying the properties of of)era‘tions defined over a given set. The - *

- extension of number to the complex num}:gg system should be inclyded in 6rder.to provide the N
basls for the solution of quadratic as well as-linear-equations. These students will need to extend-
pumber theory ideas’ t{’ more, advanced concepts such as the fundamental theorem of arithmaetic

and divisibility. ! .
r .

For students seeking to attain Collection E objectives, sets other than numbers with appropriate
operations should lead to the identification and study of abstract algebraic structures such as ~
groups, field and finite systems. Proof, in the context of such-systems and including mathematical
# induction, should be an integral part of the secondary mathefnatics curriculum for those students

who‘expect to continue with extensive postsecondary study of mathematics. ) <
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- L - . - . Relations .

. “ ' It'is commonplace for mathematics teachers to say that relations are.important in mathematics.

o . * However, this importance derives less from the general concept &f relation than it does from the

" J|. fact that the concepts of function, order and egtilvalence are subsumed under the concept of rela- -

| tion, <o . ° ' .

-~
[}

The notion of relation is easy to justify and to translate irito objectives for Collections P,and E

* where'$ formal treatment in the mathematical sense is appropriate. However, it is in the search for . .
and identification of relations among sets of numbers, classification and seriation activities, . .
graphing simple functions, that students attempting to attain Collection C objectives have ancop-
portunity to see mathematics as more than mere éomputation and the rote application of mean-

- ingless rules. 4o . -
- ) . .

7 " Recent National Assessment of Educational Progress resuits indicate that the “back-to-basics” - .
. drive in-the sense of the development of rote computational skills ‘has been effective. Studentsat -
' all levels tested showed improvement in computation with whole numbers. However, on questions
| that involved reasonlngig‘r applications, there was a significant drop in the percentage of correct
| E— . A _ R
. ponses. & !
' i . - :
* " Certainly, even ln"'ﬁ\é most basic courses of the secondary curriculum, if problem-solving ) R
. abilities are a desired outcome for all students, the ability to discern.relations and to express them  _ 1
in a useful form is essential. Graphs, tables, simplé formulas and equations are a part of every ¢ ’
consumer’s daily encounter in the media. ' L . \

° * -

Students working toward Collection C objectives must,-at minimum, be able to express and use . ,

simple relations in a formula form (i.e., area and perimeter) or-in a tabular form {i.e., taxes and , ‘
- interest). In-addftion, not only should every consumer of graphic information be able to read and

. | interpret tables and graphs (i.e., to extract information from a graph) but also shouldbe ableto .

. make réasoned and intelligent extrapolations. Every,consumer of statistical data should know

wheniand whether the extension of a graph to show trends is reasonable and appropriate. - \

T - For all capabje students the objectives keyed to the relations strand in Collection P should be
f' achieved. This set of objectives to be achieved includes an extension oithe relation contept to .

. .definition by rule, mapping or ordered palirs. It includes applying prop of equality and ine-

qualities in a more formal way. : ‘ : , L

.

s t In addition, ets of ordered pairs of nurabers which satisfy éivep. conditions should bé related to
- sets of points in the Cartesian coordinate plane. Graphing as well as other solution techniques
c L should be applied to linear equations and inequalities. .

s

e For those students attempting to attain Collection E objectives, a comprehensive treatment of .

i " the relations concept should be provided. The order relation on the set of real numbers is so in-

. . trinsically important that the.curriculum should provide students not only with the understanding of ™~ -
- " otder as a relation but with the important corisequences of order in the set of real numbers, in- -, .
© . cluding open and closed intervals, the image of intervals under functions, upper and lower :

.bounds” The explicit study of equivalgnce including the concepts of reflexivity, symmetry and tran’ .-~ »

-~

., sitivity should be an integral part of the mathematics currisulum for students capable of Collection ~.,
. * E objectives. : ) B o . -~ .
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- S - Geometry

3

Historically, geometry is a synonym for mathematics. It is undoubtedly the oldest organized ~

. deductive system, dating back to Euclid and the third century B.C. In spite of the introduction of
proof into high schopl algebra in tge 1960's, many teachers still consider geometry as the primary
vehicle for introducing students to deductive methods." This belief has been substantiated by
several teacher surveys. ) ,

Kl » »
. .

In recent years, controversy has raged among mathematics edycators over (1) the contefit of
high school geometry and (2) the devotion of a full year's course to geometry. There are gl';ose
who advocate the inclusion of geometry into an integrated program. Others prefer the ;5
maintenance of a year’s coutse in geometry but with a transformational, vector or coordinate ap-
proach. « - , : ) -

14 '
None of these controversies has been resolved, and it does not seem likely, that there will be
, drastic changes in the academic content of high school geometry as stated in Collection E objec-
tives in this classtfication. The objectives at this level reflect a strong commitment to the role of

geometry in the development of an understanding of and appreciation of proof. There is a conces- ‘

sion to the need for a broader, eclectic program in the extension of objectives to include transfor-
mational and coordinate proofs as well as an lntroductgon to networks. .
¢ 4
At other levels there Is even less agreement nationally on what s@:qlg constitute. géometry con-
tent. Certainly, for all individuals, geometry should provide the opportunity to learn about space
both in a relation context and in a metric context. Spatial perceptions and relations are g part of
existence in a three dimensional world. To this end the objectives for Collection C are primarily
concemed with relations between and among shapes that lgad to identification and classtfication of
figures. Simple transformations are suggested as basic to the development of spati%‘lntumoxE
about objects and their images. Geometry at this level should Ye presented as a me&ns of
understanding and communicating spatial ideas, a means of “grasping space.” Objectives should
o be achieved without the formality of deductive proof and should depend on generalizations de-
rived from intuition and empirical verification. . / .
Collection P provides an intermediate stage in the treatment of geometry. In addition to the
minimal, intuitive geometric concerns for productive citizenship, these students should have more
«extensive experience with classifications and formulas. They should have’some work with simple
networks. They need coordinate geometry to enable the graphing of simple equations and ine-

. qualities. The treatment for these students may include somi use of deduction in deriving relation-

ships but at a less formal, rigorous level than that expected of

A '

Collection E students.

o
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- o e . .« ,Algebra
High school élgebra provides access to almost all'df the other more advanced mathematics
courses. Every student who is capable of achieving the abstract thinking required for success in
- elementary algebra should take at leastione course ‘at the high school level: Many career choices
will be closed to the student who opts to tesminate-his or her mathematics without such a course.
Students who bypass high school algebra close the door to a reconslderation of career choices
that require just a little more riathematics or they face the handicap of having to take algebra‘as a
noncredit course in postsecondary study. For matiy students, delaying a firstcourse in algebra un-
til the tenth or eleventh grade may allow ‘for the, development of the maturity necessary for the
' discipline required in the more formal mathémafics of an algebra course.

For students seeking to attain objectives Jn Collection P, one yéar of hlgh«school algebra- should
provide the ‘minimal background for success in ﬁonmathemaﬁcal study or careers. " This year of
algebra should in¢lude the solution of Hiiear equations and inequalities, graphing such functions

td

graph. , T ..

As indicated ln‘the objectfvesdn this collectiop, an eveh bet'ter preparation would be supplied by
two years of algebra which could extend the topics beyond simple algebraic relations and functions
to quadratic functions. This stydy also would enable the relation of the algebra of, matrices to
transfonnations of the plane. . . . N

' . ¢

For.students striving for Collection E objectives, high_ school algebra should be extended far
enough to provide the theoretical*basis for the traditional calculus-analysis directed curriculum still
- generally accepted «as the appropriate: mathematics content for entry into postsecondary studies re-
- quiring extensive mathematics. Even for alternatives to the calculus-directed sequence, such as
statisﬁcs or computer science, high school algebra provides a beneficial background.

_
M Algebra for these students should lnclude glgebra of matrices as related to transformations of the
: " Ny plane and should have a strong analytic geometry component. In addition, the advanced algebra .
topics should include exponential, logarithmic and trigonometric functions. . .
[ ’ - ‘ ¢ 'e e i <
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() . | * . Measurement | .
) Excg'pt’fo:r tbe practical usefulness in application, measu}ement as a mathematical topic might be ..
_Included in the relations strand as a function which maps a set of numbers to a property of an ob- ' ‘

Ject or a set. However, the importance of measurement in the world of the consumer as well as in,
2 multitude of business and scientific applications demands consideration as a separate strand.

Measurement, at the simplest level of application, is such an integral part of dally life that the in- )
ability to measure and make estimates of measurements is a serious handicap. Whether one is tell-
ing time, cutting and fitting a pattém for a dress or bench, mixing a cake or cement, skills of se-
lecting and using appfopriate units of measurement are basic. °
. At aslightly higher level are many technical careers which depend on mare refined skills of
- ‘measurement and. estimation. Such careers include mechanics, carpenters, tailors, drafters and ) T
various construction workers. Beyond this technical use are those scientific and technological pro- )
fessions which require sophisticated use and-design of high precision tools of measurement as well
. as measurement systems to meet the demands of an increasingly complex technological, space-
orlented soclety. - '/ - . : :
Fundamentally, measurement should be taught as a process independent of specific units. The
concept of measurement should be developed intuitively from rough comparisons of the property
being measured (time, volume, weight, length). Initially, these comparisons (longer, greater,
-, heavier) should be between two objects that have the property being measured. Then a need for
standard units should arise out of the use of nonstandard units. : \

- & - -
‘ ., In the development of measurement concepts, the approximate nature of measurement should
be emphasized, A property such as length is continuous, and the assignmer;ﬁ: numbét by
" =™ounting the number of times a unitMs contained in a length is deceptive becatise of the associa-
&-of counting with the determination of the exact number of discrete objects in a set-cardinality
se. The difference between precision and accuracy should be emphasized at all levels and in N
. the context of measirement as an approximation. - B K

N .
'Y

Estimation in a measurement setting probably has more ‘rou}ine and daily applicaﬁons‘for most

people than has the usei‘precise measuring toels. Out of measuring exgérlences with common® )
units, especially metric unlts, students striving for at least-a minimal level ¢f achievement should
develop a feeling for units of length, area, volume, time, wejght and capacity to enable them not
only to select and .use units appropriately but also to estimate measurements with confidence. For
these students, the practical uses of measurement cannot be taught as a textbogk topic. Students
Tfiust have experience in measuring, estimating measurements and checking their estimates at a: ot
vari/gty of precision levels. < . '

.
. -

An equally importa’nt use of estimation in‘a nonmeasurement setting involves making an  _ Ve
> estimate to judge the reasonableness of an answer in the solution of a.problem or even in the
computation M. Certainly in any problem setting, whether it involves measurement.or not,
~emphasis sh ,d be placed on always making such a judgment about reasonableness of results.
Those students who expect to continue their education in vocational areas which depend heavi-
ly on measurement, should haye sufficient understanding to.go beyond the routine daily applica-
tions of measurement. Extensions of this strand for students striving for attainment of Collection P - .
- objectives should include the study of rates of change, scienttfic notations, significant digits as well e 7
' as algebraic representatioris in problem applications.
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For those students working toward Collection E objectives, measurement ‘should be treated :; .

. theoretical point sets and subsets. This treatment should. be theoretical, but should not exclude the .,
.“ same kind of prhctica] experiences§ suggested for av\palnment of Collections C and P. N
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" counter more formal, theoretical treatments.

s

Inclusjén of probability andstatistics in the secondary curriculum has been proposed by many
matheatics educators and mathematicians for the past decade. The subject of the first interna-
tiona)/Comprehensive School Mathgmatics Program (CSMP) conference held in 1969 was on the
teaching, of probability and stati_stkfs at the precollege level. The recommendations suggested that
all students would benefit from these subjects taught starting from a wgalth of realistic examples

.and using practical experiments as well as simulation methods. . . N

Proba'blllty and statistics are two distinct but related fields. Probability is,a theoretical concept that
measures the likelihood of the occurrence of chante events. Some of the uses-of probability are
largely informal and Intuitive. These involve rough estimates.of such events as rainy weather or of
passing a test. However, a precise probability estimate is cdnsidered as the proportion of times a
particular event-will occur #'the circumstances surrounding the event are repeated indefinitely.

Statistics, on the other hand, is concerned with the evaluation of data collected under real cir-
cumstances. Descriptive statistics involves the organization and presentation of data-in a
manageable and inteypretable form. Inferenttal statistics is concerned with the extent to which
knowledge of the characteristics of sample data can be used to estimate the characteristics of an
entire population. However, inferences about a population based on the information derived from
a sample cannot.be made with certainty. Thus, the conclusions of inferential statistics must be
stated as probabilities. : :

T?iere seems to be little question that every person should have some experience with both’
descriptive and inferential statistics as well’as probability. Everycitizen who plans to vote, take out
insurance, read the dally paper or watch TV needs to have some awareness of basic probabilities,

» of the limitations of inferences drawn-ffom data and of the ways information may be distorted
* either intentionally or through ignorance. . .

- ’
For productive citizenship, students should have exposure to‘ideas beyond the limited descrip-
tive statistics that has previously been iricluded in mathematics curriculum at the jurtior high level.
Students working toward Collection C objectives should af least experiehce probability and  °
statistics at the minimal level recommended at the CSMP conference.  ° '

. .
Topics appropgiate for Collection C ojectives can be developed in an experimental mode using
simulation as well as practical examples with the concepts presented informally and intuitively. Al
students should have efiough experience with the basic ideas of probability, and statistics so that
they are not duped by commercial claims, they can interpret siniple probability statements {such as

weather reports) and }hey can read, interpret and draw valid lnfgreﬁces from data presented ina

table or graph. ., - ) .

In addition to the practical, intultive probability and statistics appropriate for all students, those

. striving toward Collection P objectives should be introduced t6 a more formal tfeatment of such

fundamental ideas as measures of dispersion, basic counting ‘principles, permutations and com-
binations and the notion of correlations with an emphasis on uses and abuses of these and otfier
statistical procedures. . f . :
. N - y - X , «
Students who plan postsecondary study that requires extensive mathematics can benefit from a

more theoretical presentation of probability and statistics. Such topics as mathematical expectation,
conditional probabilities, notions of sampling, lniereptlal statistics and hypothesis testing ae ap-
propriate for these students. A balance between theory and application should be maintained.

" Certainly they should not be deprived of hands on and simulation _experiences but should also en-

fig

. " Probability -
: and Statistics - -

-
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S : ) . Computing
‘ | and Computers
2 . .

A}

® ‘\\ . Recer'xt NCTM, NCSM and MAA position papers on basic skill-areas in mathematics have in-
cluded statements regarding computer use and computer literacy. Computer literacy refers to the.
nontechnical or low technical aspects of the capabilities and limitation of computers as well as to’
their soclal, vocational and educational implications. Computer literacy requires a knowledge of -
how to‘use a cpmputer, an awareness of its products {(and by-products) and a knowledge of ap-
plications of %nputers to a varlety ofﬂtasks. ’

In today’s world everyone’s Iife Is touched by the computer. The reality of this fact combined
with the growing employment demand in the computer industry places an increasing responsibility
. on the education community to provide students with the necessary background to be aware of .

2,

A \ and participate in careers contingent upon various levels of computer literacy and use.

No other topic in this guide will serve to date it more than an attempt to address comprehen-
sively the topic of computing devices. As time passes, the state of the art.as described here will
undoubtedly be made humorous (even ridiculous) by continuing developments in the éfgctronic in-
dustry. There continue to be daily surprises from the industry — more computer memc&valléble
in smaller packages, more programming features available for hand-held calculators, gre
availability of personal computing as well as office/business/school‘computing. All of these offer-

¢ ings are being made available at rapidly degreasing cost.
e ’ .
. Historically,few machines have had an impact comparable to that of the electronic computer. In-
deed, if its use continues to grow as fast as it has since its inception in the 1940’s, the computer
" may well earn a place in history comparable to, or even stirpassing, that of Gutenberg’s press.

Clearly, there are no’i’anger distinct deﬂnitional differences between calculators and computers.
~  There are hapd-held calculators presently on the market that accept modular packages of com-

machin‘ery so that permanent results are available. The terms micro and mini seem-doomed to
fade into irrelevance as minlcomputers have already taken on the attributes of large computers

- and microcomputers can now do the tasks formerly possible only with mlnlcomputers and com- ,
puters. . . }
. ., I g,

The state of the'teachlng art in the field ts even less predictable. However, Georgia’s respon-
sibility to its secondary school students goes substantially beyond the NACOME recomm;}dation
of permission to use hand-held calculators in classrooms. Computer literacy is useful no nd will

N < be essential in future years. Admittedly, the state of the art changes so rapidly that instruction in
literacy is difﬂcult but delay now will only mean much more work whén such lnstrucﬂon is begun

»

The mathematics curriculum is the proper place for a computgr Ilteracy program to begin , o=

o T because mathematics and the study of. computers complement ¢ each other. The problem-solving

: ot approach used’in’ mathematics can serve as a model fak the development of computer programs

’ and the computer can serve as a tool to motivate and improve the study of mathematics. In this
compjementary relationship, the computer should not dominate or dictate the curriculum. Rather,

« - the computer shoul@serve as a means of aiding th&achievement of existing objectives upon which
the mathematics program is built. )

-
N

. had

The immediate implications for the classroom teacher are that the nhmber of calculations, the

-, k - size of the numbers used or the tedium of computation should no Ionger be barrlers to the solution . o

puting routine§ — using the calculator only as a data entry device — and plug-in printing g\7 .
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N . of interesting problems.” New technology can help teachers develop studefts who can learn on .
' ‘ their own, solve problers, understand algorithmic processes and make' significant applications of -
', mathematics. The avalla’glhty of computing tools. will give teachers the opportunity and time to
help students learn r'x)at}xematics that is either taught poorly or not at all in many classrooms to-
day. Furthetmore }it.can remove the"drudgery of long computations that tend to block the solution
“of practical problems. - / N
.Another 'slgnlflcant implication of the increasing availability of computing tools will be the need
to reassess the cost-effectiveness and practicality of spending a large proportion of the elementary &
mathematics curriculum time on téaching computation. - '
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‘ Mathematical
Reasoning
- and Logic

" a

Basic logic skills and frequently used logical patterns ghould be identified and taught to all
students. The development and-ransfer of these basics should not be left to chance and should
not be mere by-products. of the study of mathemaﬁ%meh realization should be one of the focal
points in a mathematics curriculum. - R

» .
B

«
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Traditionally formal logic is the bedrock on- which mathematical proof rests. The formal use, of
logic in reasoning and argument has always been an essential component of classical educa{ion

ln a less formal context everyone should be able to construct simple arguments which are
* basically informal proofs. The essence of these arguments is the ability to infer a statement from
-other stateménts and to give teasons for the inference. Plausible reasoning is necessary for in-
telligent cifizenship. Collecting information, making observations, examining consequences andvar-
riving at a decision are reasoning skills necessary to such activities as serving on a.jury, voting, in—

vesting, buying and solvlng a varlefy c::?r;bbmr - . . s
Mathematics should be the.setting in’which reasoning of. this type is taught to évery student
Those students who-plan to continue into postsecondary studies need a more in-depth study of
logic. Because of the difficulty and the amount of time if takes to teach reasoning, thefe is a temp-
.+ tation to resort to cookbook methods and memorization. It is essential that the study of elementary
logic at least include tests for validity of arguments, the use of existential and unjversal quantifiers

- and thelr negations. These relate directly to the notions of sets-and are graphically representgd in
Venn diagrams. In addition, for those students working toward Collectiori P objectives, there

should be some exposure to use of syliogisms ina proof setting as well as the hymthetical form of s

inference (f... then...). ,
For those students who plan postsecondary' study that requires extensive mathematics, the
mathematics curriculum should provide formal work in set theory and symbolic logic. These
" students shéuld have extended experiehce in the application of logic to proof in, mathematics in-
L cluding the use of quantified statements, logical connectives, the role of the counter-example, the
function of an existerice theorem, to. mention afew. Intensive study in elementary logic should be
1  .an integral part of the mathematics curriculum for talented mathematics students.

s ? Ve ’




. o . -.  Objectives
The objectives included in this‘gulde &e the same as those listed in Essepti&l Skills f9r' Geprgia
Schools (1980). The arrangement of the objectives dlfffr only in that in tbis guide they are written
in three collections to assist in using them to design co

described below.

N

. -

-

qulection C:  The knowledge, skills and processes presumed negessary for productive ;:itizen;

Shlp. ' P -
. v, ? .
N Collection P} The knowledge, skills ‘and processes presumed neces&mygfor postse,c&;

. studies such as vocational education or areas of liberal arts n6t requiring concen-
tration in the field of mathematics. - . L"" K
Colléction E: The knowledge, skills and processes; presumed necessary for postsecpndary
hi studies requiring extensive mathematics. .
Codes for Strands T .o ot
S/N/N - Sets, Numbers and Numeration o -
* °  R/F . Relations and Functions ) * L
. O/P/N - Operations, Their Properties and Number Theory ‘ .
> G ; Geometry . ~ . T
- A -_Algebra _ ) - . PR
‘ P/S - Probability and Statistics . T . .«
M/E - Measurement and Estimation . .
C/G - Computing ahd Computers N BN

MR/L - Mathematical Reasoning"and Logic

. -

N - A
N
%

-
S
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£
rse plans: In grades niné through 12 the . M
wmathematics strands"or topics are intertwined; therefore, each objective is keyed to one or more .~ -

strands. The strand codes are indicated, and the objectives are categorized into three collections as ,

¢ ‘Obfectives for Collection C, P and E - : ) e

°
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COLLECTIONC
" The learner will | N

1. classify elements of a set according to common characteristics. (S/N/N, R/F)
- 2. identify one-to-one, one-to-many correspondences. (S/N/N, R/F)
3. c?rder any giygh set of rational numbers (whole numbers, fractions, decimals, percents nega--
tive_ mimbers}. (S/N/N, R/F) o s
4. Identify and use different representations of the same number of quantity (including measure-
.JT' ment} and translate from"oné representation to another for example Ye = Q. 25 (S/N/N,
e ~C/C, M/E) - .
* 5. determine when and how to use the four arithmetic operations. (O/P/N Cc/C,; R/F) .
" 6. compute efficiently — both gith and without a calculator — using whole numbers, fractions,
decimals, percents and negative numbers. (C/C) Y
"7. identify prime numbers findfactors and ‘multiples of given number. oS/N/N, O/P/N, C/C,
R/F) .
" 8 apply the distributive “property of multiplication over addition without necessarily identifying
* the term the distributive property. (O/P/N, C/C) - )
9. apply the associative and commutative properties of -addition and muiltiplicatipn without
necessarily identifying the terms assoclative and commutative. (Q/P/N, C/C)
+ 10. select the order of arithmetic gperation necessaty to simplify a mathematical expression or to
solve a real;world problery. (O/P/N, C/C)

A

11. fise estimation, i.e., calculate with rounded numbers if-the situation can be satisfied with an *°

approximate answer- — using both mental and written calculation. (S/ N><N R/F, O/ P/ N,
. M/E, C/Q) o
12 judge reasonableness of answers (O/P/N, A, G, P/S M/E, C/C, MR/L)
“'13. describe effects, uses and limitations of computers in society. (C/C)
14. find' 4 rule {relation) when-sofe pairs of numbe,rs are given and find pairs of numbers whe,tr a
rule (relation) is given. (R/F) .
15."identify and classify sets qf points including points lines,-planes, three dimensional figures,
line segments, open curve, closed curves, angles, triangles, rectangles, squares and circles. (G)
16 identify shapes that are alike if stretching, shrinking or bending is allowed and cutting or join-
ing is not allowed. (G) -
17. identify shapes that are alike under rotations, reflections or translations. (G) .
18. identify relations between points sets or between geometric figures such as parallel, perpendi-
cular, similar and congruent. (S/N/N, R/F, G) . s
. 19, read and make scale drawings. (R/F, G, M/E, C/C)~ .
20. locate points in a Cartesian plane. (R7F;G)
21. perform geometric constructions using °
a. straightedde and compass (as measuring instrument) -
b. ruler and protractor. (G, MYE) .
. 22 find missing measures of sides and angles of geometric figures using relationships such as
Pythagorean Theorem and properties of similar figures. (G, M/E) .
23. apply standard formulas including those for perimeter, area, volume, circumference, time- .
rate-distance, intefest and selling price. (G, M/E, R/F, C/C) o

24. select ‘appropriate units of measurement to determine length, area, volume, perimeter circum-

ference, angle, time, mass, temperature and capacity. (R/F, M/E)
- 25. select and use the appropriate instruments to measuré length, mass, angle, temperature
capacity and time. (M/E) d
26. estimate measurements with a reasonable degree of accurdcy. (M/E)
27. determine the precision of measurement required for a given situation “and be able to select
the unit required for the precision. (M/E)
28Pcollect and organize data. (S/N/N, R/F, P/S)

- T4
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' ‘ 29. construct and interpret graphical gggresentations such as tables, charts, graphs, maps and his- .
: togram. (R/F,'P/9, C/C, M/E) ’ ‘
"30. read and interpret diagrams including simple flow charts, tree diagrams, factar trees and Venn
diagrams. (S/N/N, R/F, P/S, C/C)
31. illustrate how sampling may' affect interpretation of data, (P/S, C/C)
32. assign or estimate the probability or 8dds of a chance event. (S/N/N, P/S) .
33. use observations and data to make predictions. (P/S) .-
"34: translate a r&al world situation into problem(s) that reflect the situatton and apply mathematics
to that (those) problerp(s) where appropriate. (ALL) >
, 35. compute the probability P(~ A) when given an event A and P(A). (P/S, C/C)
36. determine the range, mean, median and mode of both collected and give data and recognize
;o uses and misuses of-these terms in the Tnterpretation of data. (P/S, C/Q) :
37. read and interret materials, e.g., textbooks, forms, references, coded charts, requiring the
- »use.of mathematics at the appropriate level. (ALL) v
T 38. read, interpret and complete forms pertinent to personal financ®, employment and citigenship
responsibilities, and apply mathematics to develop a plan for spending, borrowing and invest-
. ing. (ALL) . . e
39. use.mathematical reasoning to express and support a point of view. (MR/L)

40. make andtinterpret generalized statements using all, some, none, -or an@ and. (S/N/N, R/F,
MR/L) ' ' ’

-

. . M

.
[ ‘

. -
41. analyze arguments critically, recogniZe common errors in reasonin

' ing. (S/N/N, R/F, MR/L) . -

g and exhibit critical think-

[

42. exhibit an awareness of the need to acquire a broad range of mathematical.skills in order to
enter into careers or fields sud¥ as technology, physical sciences, behavioral sciences, biological

sclencs, economics and commerce. (ALL)

" 43. exhibit an awareness of the contributigns that mathematics has m.

>

ade and is making in the

.

cultural development of civilization. (ALL).
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COLLECTION P
. The learner will °

1. give equivalent forms of rational numbers In
a. exponential form,
' b. scientific notation,

¢. deeimal notation, including repeating nonterminating decimal notation (S/ N/N} -

»

”,

& .

% recognize the absolute value of a reafnumbet as the distance that number is from 0 on a

nuinber line and sojve simple equations and lnequaltﬁes involving absolute values.

{S/N/N, R/F,

" 3. give the major
system, and iden

<.

M/E)
:%:;ﬁtutions of the complex number system with emphasis on the real number
the subsystem(s) to which any given number belongs. (S/N/N)

-~

‘

_ 4

4. fllustfate the concepts of betweéhness and density with the use of a correspondence of the . -

rational numbers-and points on themumber line. (S/N/N, R/Fk
5 deteymine, when given a relation defined by a rule, a mappifig, a set of ordered pairs, or a

graph
a. the domﬁln,

b. the range,

3

-

,

¢. whether or not the relation-is a function. (R/F) °

6. identify and apply the following properties of equality or inequalities

a. reflexive,
b: symmetric,
€. transitive,
.d. substitution,

»

N

e. trichotomy. (R/F)

§ =

I
f

7. graph the set of points,on a number line or the Garteslan coordlnate plane which satisfy
simple given conditions. (R/F) .’

8. compute efficiently using rational and irrational numbers (O/P/N, C/C) - <
N 9. perform efficiently the four basic operations on algebraic expressions. (O/P/N, C/C)
) . - 10. evaluate algebraic expressions when given a value for a variable. (O/P/N, C/C)

. - 18 11. identify and apply the associative, commutative, distributive and closure properties, and .
A . identify the identity and inverse elements for a gtven operationi deﬂrwd-over a giverr set.
- . ° 'R/F, O/P/N, C/C) - ’
3 : 12. determine if & given number K'divisile by 2, 3, % 5, 6, 9°or 10 by applylng rules of
1 divisibility without-actually calculating a quotient. (R/F, O/P/N, C/C) °
13. factor any given number into its unique product or pﬂmmumbem (Fundamental Theorem of
Arithmetic). (R/ § O/P/N, C/C) >
3| 14. demonstrate the ability to
a. derive and apply formulas for the area and pesimeter of Barallelograms and triangles;
b. apply formulas for area and perimeter (or circumference) or other two-dlmenslenal figures;
¢. apply formulas for surface area and volume of three-dimensional figures such as cpnes, )
. , spheres, pyramids, cylinders and rectangular solids. (O/P/N G, M/E)
. _ " 15. identify and classify the following =~ -
= . . a. triangles (acute, obtuse, right, scalene, isosceles, equllatera])
a b b, quadrilaterals (pq;allelogram, rectangle, rhombus, square, trapezoid),
. R c. otRler polygons (pentagons, hexagons, octagons),’ . . .
d. special polygons (equiangular, equilateral, regular). ‘
. e, polyhedra (rectangular solids, cubes, prisms, pyramids, tetrahedron),
o, ( f. other-space figures (cones, cylinders, spheres). (S/N/N, R/F, G, M/E}
K 16. use Venn diagrams to illustrate A
E &:-union of sets, ' 1‘
b. intersection of sets,
g

—~
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d. disjoint sets. (S/N/N,'R/F, G)~

17. tdentlfy a netorK:as path between vertices, odd and even vertices and determlne if the net-
work is traversable. (R/F, G)

18. compute accurately and efficlently with signed numbers. (A C/QC)

19. translate a simple real world situation into an expresslon, equgtion or lnequallty‘nvolvtng
variables. (R/F, O/P/N, A) -

20. solve Tinear equations#hd inequalities uslng the addition, subh'acﬂclrymulﬂplication and
division properties of equality or inequality. (R/F, O/P/N, A)

21. identify a system of equations as dependent independent or inconsistent ard solve the system
by the following metHods . .
a. substitution, . v -
b. addition and subtraction, 7. —~ ’
c. graphing. (R/F, A, C/C).. ® t )

22. interpret slope in a Jinear equation as a rate of change (R/F, A~ -

23. transform a given linear equation intq the slope- -intercept form, determlne slope and the y-
intercept and use them to:plot the graph of the equation (R/F, A, C/C) ‘

24. write an.equation on a line when given

- a. its slope and y-intercept, . .

b. its slope and any point on the llne " . ’ v

+ c. its x- and y-interceps, R . 4 v 4

\d any two points on the lirie. (R/F A, MAE) © - ’ e

25! identify the type, degree and coefficients of a given polynomial and be able to add subtract ,
multiply and divide given polynomials. (4, C/C) ° - . '

%6. factor polynomialsswhich include one or more .of the tollowlng types )
a.t l‘jose having a common monomial factor,
b. diffetence of two squares,
c. sum or difference of two cubes;
d. perfect square trinomials,
e. general trinomials. (A, C7 C} S ‘ a

27 /solve simple quadratic equations by factoring. (A, C/ Q)

28. write an equivalent form for a given algebraic éxpression which lncludes radicals, eXponents ‘3’
or ajgebralc fractions. {A)

%dnmammmMNm&mmwwM@memwwMM%Mmemm%Hmd
test the validity of a proposed conclusion t6 such a set of sentences. (MR/ L) - e

30. state the converse and biconditional related to a giyen conditional statement and use the terms

“necpssary, sufficient and equivalent” in d ing the relationships between the conditions
. involved in thése statemients. (MR/ L) esc%i n
o ’31 state the contrapositive of a given condltional statement (MR/ L) .

32. form conjunctions, disjunctions and negations of given sentences. (MR/ L)

33. determing if a given distribution approximates g-normal distribution. (P/S)

34. illustrate that two sets of data may have the same range, the same spread and the same -
mean, but not necegsarily all three.'(MR/L, P/S) e .

35. apply basic counting ideas such as fundamental counting principles, permutations and combi-
nations, to given problem situations. (A, P/S, C/C) .

36. find for events A and B, the P{A and B) and P(A or B) for independent events A and B.
(S/N/N, P/S)

"37. illustrate events A, and B which are dependent. (S/N/ N, P/S).
38. dllustrate events A/ and B which are mutually excluslve (S/N/N, P/S)r
. 39. summarizé databy *

a. constructing a frequency distribution; ‘
b. constructing a graphical representation;
c. calculaﬁng measures of central tendency — mean, medlan, mode,

’

n
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d calculating measures of dlsperslon — range, variance, standard deviation. (R/F P/S, C/ C)

40. interpret and compute percentile scores in a set of data. (P/S, C/C)

41. illustrate correlation in.paired data, e.g., Scatter Diagrams. (R/F, P/S) .

42. use observations and data to formulate relative frequencles and compare them to given - *_
probabilities that apply to the data and/or use to estimate probabilities. (R/F; P/S)

43. find the mathematical expectation given probabilities and the payoffs for given events. (P/S)

44. follow a flow chart or algorithm and determine the outcome. (MR/L,:C/C)

45. {llustrate differences among Ievels of’computers — from hand-held calculators to large scale
computers, (MR/L, C/C)_ .

46. use chained operations with a hand-held calculator, correctly applylng the hlerarchy of

arithmetic operations. (MR/L, C/C) ' . »

47. use a calculator efficiently in applications to other disciplines. (ALL) (

48. estimate area and capacity measurements with a reasonable degree of accuracy. {M/E)

49. perform geometric constructions using straightedge and compass. (G, M/E)

50. estimate angle measurements with a reasonable degree of accuracy. (G, M/E)

51. estimate the average of a set of five or fewer numbers. (P/S, M/E) :

52. estimate time neéded for completion of a task and for travel over a specified course. (M/E)

§3. estimate answers to multipllcation and division problems using scientific potation (S/N/N,
M/E) =

54. estimatesquare roots. {M/E)

55. determine largest unit of error for a given measurement instrument. (M/E, C/C)

56. determine number of significant digits in a measurement. (M/E)

~ 57. estimate equations of straight lines given a graph of a line(s). (A, M/E)

N .
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The leamer will

1. identify characteristics of subsets of complex numbers, e.g., real, irrational, rational, integers,
counting, in-relation to such properties as closure, order, density and completeness,
(S/N/N, R/F, O7P/N) .

2. construct and analyze proofs in set theory. (S/N/N, MR/L)

‘3. write and read numerals in different bdses including bases two, eight and ten, as well as
nonintegers. (S/N/N, O/P/N, C/C) .

4. exhibit a knowledge of the definition,. notation and pictorial representations of set theoretic
concepts including elements, subsets, universal set and null set and exhibit a knowledge of set
operations such as union, intersection and Cartesian products. (S/N/N, R/F).

5. state the characteristics of a partition and illustrate by example the variety of applications of

this concept, e.g., partitioning regions, classification schemes {counting problems, equivalence
classes). (S/N/N, R/F)

- 6. determine the following, given a rule for an operation and a set on which the operation is

defined
a. an operational table,
b. identity and inverse elements, ¢
c. the existence of closure,
d. the existence of properties, such as commutative, associative and distributive. (O/P/N,
R/F)
7. apply deﬁniﬁons to : :
a. check for algebralc constructs such asgroup, field, and finite geametrics — given an oper-
ational table (such as a modular system), sets of numbers or sets of points,
b. construct a group, field, finite geometry or other system. (O/P/N)
8. apply definitions from number theory such as abundant, perfect or triangular to numbers in
.bases and in other operational systems such as modular systems. (O/P/N)
9. compute limits of sequences. (O/P/N, C/C)
10. write a given finite serles in a sigma notation, and write the finite serles given a sigma
notation: (O/P/N, A) . . ,
11. determine convergence or divergence for infinite seriesfusing common tests and compute
infinite sums where appropriate. (O/P/N, C/C, A)

-

’ 12. use mathemsfical indugtion in proving theorems. (O/P/N MR/L)

13. use definitions or divisibility, and apply the Fundamental Theorém of Arithmetic in provlng
theorems. (O/P/N, MR/L) .

14. identify and/or define * o .
a. relation, .
b. domain, . ' ‘ (If\
c. range, ’ e
d. function, :

e. equivalence relations,
f. composition of fungtion, . - .

g. inverse function. (S/N/N, R/F) -
15. identify and/or define the following functions .
a, identity, , :
'b constant, . d

. C. absolute value,
+  d treatest integer,
e. plece-wise defined, e.g., f(x) = g(x) f x < a \
. uix), a s x < b, ¢
v, i x < b..(O/P/N, R/F). 124
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16. describe a mapping such that ) £, o, ‘
 a. the mapping is a function witflout an inverse, .
. b. the mapping is a function with an inverse. (R/F) .
. < 17, determine the. following for a mapping or map;itngs
a. the image of a given domain value, ; -
0 o b. the pre-image: of a given range value,
. 6. the inverse of the mapping, -
. S , d. the camposites of the mappings. (R/F)
18 solve and graph ° .
a. linear and quadratic equations, . )
. b. linear and quadratic inequalities, . .
’ . absolute values {equalities and inequalities), - - '
. .. _dssystems of equations and inequalities. (R/F, A)° _ »
s 19. apply the concepts of relations and functions to the following P
- o a. linear programming, N
o -~ b. inverse and direct variation, . o . '
. - l " c. vertical line test for f and horizontal line test for f'. (R/F, A) - . _—
l 20. discuss given functions-in terms of : S ’
W a. symmetry, ’ ‘
b. continuity, - oo % : '
" , . c. asymptotes, . :
AT "d. slope, - . .
<* e, rates.of change, ) : ’
f. intercepts, . . .
N g. maximum, S
h. minimum, T . . .
- . i.-boundedness, " ’ o .
: %, ultimate direction, . ’ . . E
k. exclusions from the domain, : ) -
- . L. intervals in which zeroes occur. (R/F) N o
. . 21. 'describe geometric transformations in terms of functions (R/F, G} .
- . . 22, identify some relations in a Cartesian product A x A as partitions of A. (A) .
, 23. transform into standard form and sketch the graphs of equations of conics. (A) -
LT 24.-derive an equatiop given its roots or derive a function given points of its graph. (A)
‘ 25. find the points of intersection of conics with straight_lines and conics with conics such as
a. straight lines and parabolas, Coe
b. straight lines and circles, ‘
c. two parabolas, ** - .
¢ < d. two circles, ’ A o i N
e. parabolas and ‘circles. (A, G) ' : , . ’ v
. 26. state and use the following theorems : . .
: a. Rational Zeroeg Theorem; . ' .
b. Factor Theorem . : . ' ;
DI . - c.'Remainder Theorem, - ’ i . >
St d. Fundamental Theorem of Algebra. (O/P/N, A) |
L g 5 27. demonstrate the relationship between exponential (base 10 and e) and logarithmic functidns ‘
. through X ] i
. efining, - .o ) . =
b.Rranslating their equations, . . L, e
- ‘ c. graphing. (O/P/N, Ay =~ . | . )
" 28. use laws of légarithms to solve’ equations (A) ",
-29. define trigonometric functions in terms of the unit circle and right triangle, and grag.h these
functions JR/F, A) - ; / .

. ) . . -
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A
.30. apply trigonometric definitions, identities and laws to.problem solvlng\situations. (A, C)
‘ 31. apply the Binomial Theorem to appropriate situations. (A)
32. perform basic operations with vectors and apply these to problem situations, e.g., geomelry
. and physics problems. (A, G) ' -
33. use the algebra of matrjcgs and recognize the convenience this notation provides in modeling
] and solving problems, e.g., solving systems of equations. (R/F, A) ~
* 34, perform basic computations involving complex numbers, solve equations having complex roots

and graph complex numbers. (A, C/C) . .
35. solve and graph equations written in polar form. (R/F_A) .
36. determine probabilities of events wlth emphasis on the following notions .
a. sample space, . - 2 \
b. random variable, & |
c."mathematical expectations, :
d. dependent and independent events, ot
N e.'conditional probability and Bayes' Theorem, (S/ N/N, P/ S)
" 37. identify probability distributions including binomial and normal and recognize the dlstribution as
- " a function whose domalr\is a set of events, x, and whose range is ’ set of probabilities, P(x).
(S/N/N, R/F, P/S) »
' 38. draw inferences about population parameters from sample statistics uslng hypothesis testing
or estimation procedures. (P/S, MR/L) - ©
39. use techniques to construct a representative or random sample from a given population.
(P/S, MR/L)
., 40. calculate and interpret a measure of correlation for paired data. (R/F, P/S, C/C, M/E)
. > 41. recognize that an axiomatic system is characterized by undefined ternt, assumptions, defini-
‘ tions and theorems and that theorems are derived from these assumptions through the
application of logical reasoning. (ALL) °

approaches . :

' -

a. synthetic geometry,
b Soordinate geometry,

T

c. fransformational geometry. (G, MR/L) M
N 43. solve problems and write proofs using definitions, axioms and theorems including theorems
' dealing with congruency, similarity, Pythagorean relationships, geometric inequalities, parallel-
: ism, perpendicularity, angles and arcs. (MP/L, A, G) 2 -

44, describe loci and perform standard geometric constructions including congruent figures,
parallel lines, perpendicular lines, blsectors and circumscribed and inscribed polygons. (R/F
G)
45.- determine if a network can be traversed. (G) ‘
46. determine the order of a given network. (G) .
47. determine if a Hamiltonian path exists for a given network. (G, MR/1)
48. read a flow chart utilizing iteration techniques and determine the outcome of the charted pro-
I cedure. (MR/L, C/C’)’p .
. 49. prepare a flow chart using
: a. iteration techniques,
S " "b. branching from conditional statements. (MR/ L C/ C)
"~ 50. apply programniing to support anotheér branch ofmathematics or natural science. (MR/ L,
C/C)
*51. simulate a common algorithm, e.g., long division or fraction reduction with a work descrip-
tion, flow chirt and program. (MR/L, A, C/C)
52. construct indirect préof. (MR/L, A, G) ' - .
53. determine equivalence between sentences involving conjunctions, dlsjunctions, negations and
;{« ; conditionals (do ‘not restrict such discussians to truth tables). (MR/L)
. 4. classify statements as being claims of existence, uniqueness or unlversallty and determine’ the
e ﬁrecedlng objective above (MR/L) . .
‘ 126
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‘ 42. apply inductive and deductive reasoning to develop and to prove theorems from the following




° ‘ '
~ . —— -
.

~ 55, determine the truth tables for sentences involving the connectives of conjunctions, disjunc-

.. tions, negations, conditional, bicondjtional and combinations thereof. (MR/L) .
. * 56, use Venn diagrams to illustrate the telationships represented by the truth tables of the pre- ,
: ceding objective above. (S/N/N,"MR/L) o

" :57. represent sentences n symbolic form and use thé tools of truth tables and symbolic logic in
assessing equivalente and-validity. (MR/L) -
. '58. determine function errors (dy) corrésponding to deviations in domain value.{dx). (R/F, M/E) 4
59. use inequalities and absolute values tb describe lengths, areas and volumes. (R/F, M/E)
60. apply the disfance function to describe planar areas such as circular discs and volumes such as

- ~ spheres. (R/F, M/E) . , >

-

°




o ] ' Sample Course
C o ' Descriptions :
/- - : ’ : :

A selection ofsample course descriptions is included in this section for committees or individual
teachers to use while developing courses of study for their secondary school or schaol system
mathematics program’i"l'hls set of sample course descriptions is not a complete set of courses to be .
offered in a school. Some course samples may not be appropriate for a given schoo}. Courses for
a school or school system must be identified and planned on the basis of the needs of the given
student population. - . . . .o

» The course samples vary in length — quarter, semester and vear. The length indicated for a

" given &ourse is not intended to be a recommendation. ‘A course or a set of courses can be
redesigned at the local level to accommodate the quarter, semester or yearly organization of the -
school system. ; : “K P

o \ N |-
Types of activities are suggested for each course. THe activities should be specified at the local ,

school or system level. The activities selected will depend upon the interests, ablities and needs of
the students and the resources of the school. A few sample activities are included within each
course.description. Nonroutine problems are provided to serve as a starter for a growing collection
of problem-solving activities to permeate the entire mathematics,curriculum. The reference list con-
tains numerous sources for building a collection of problems in the various topics of study.

14 . .
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L j Coee . Sample Course Plan
Courseftitle — General Mathematics (year) . '
N (This course may be organized by designing minicourses and arranging. them according to need of
" tudents.) , Lo, -
Course description o C s

This course includes estimation and measurement skills; computation skllls with detimals, percent
and common fractions; informal geometry; ‘using formulas collecting data, cogfstructing tables to
display data and reading and interpreting tables and charts applications of thd above skills in

“ problem situations. . B

The student will S ' - ‘

1. make reasonable Wength area and volume. *

" 2. make reasonable estimates of sums and products of two whole' numbers up to three digits in
h length. i . .

3. identify shapes that are alike if stretchingy shrlnking or bending is allowed.

t
. 4. make accurate measurements by using measurement devices.

O

. solve ratio and proportion equations. . \
. i 10. apply “ratio and proportion” techniques in practical settings. .

* 11. apply rudimentary ‘congepts of coordinates in practical settings,‘ such as map readings.
: ‘" 12. decide which of two fractions is the smaller. "« * ~ T .

- . 7
- 13. read and make scale drawings.

L ' - * - 15, use the associative and commutative properties of addition and multiplication without
w * necessarily identifying thie terminology.

16. order a set of dea;als ) . ‘ . -

+ 17. order a set of regafive numbers. ‘ -

18. use place value to write and name numbers lincludlng decimal fractions

. A}

19 use the valpe of. pi in cominon area formulas. . "

20. estimate measureménts such as temperatures in various conditiorls using both Celsius and
oy Fahrenheit scales. . N

-
3

; 21. collectoand organlze data. . . .’
22. read and interpret tables and charts.

14. find factors and multiples of given.numbers ' . .

LY

g




Course content )
Basic computation - with and without a calculator ’ : .
o Measurement and estimation of lenéths : :

Estimation and calculation of areas s ' '

o

Measurement and estimation of time and t'empera‘tures

Measurement, estimation and calculation of volumes . .

————— -

Ratio and proportion .

Scale drawings ~ o o .

z/ ‘. ‘Ma;') reading - '1 o, % b .

‘ Fraéﬁons, decimals an: bercents - ‘_ . ’

St Applications of basic ari't'hmeﬁc to problem situations _
C<;mmon formulas — techniques of substitutions !

. Instructional activities
y (The following activities and many others may be developed at the local level.)

l/‘

Practicing computation, chécklng answers with calculators

* Using unconventional Qeasurement devices such as micrometer, vernier caliper, decibel meter,
volt meter, stop watch as well as the yardétick, meterstick and tapes {See ‘Sample Activity
Usindan Ohmmeter — General Mathematics) - ' ‘

L . i Investigation of scale r;mdels or cars, boats or airplanes (In airplane models, are horsepower
requirements reduced in the same scale as length measurements?) )

Using musical timing to illustrate fractional equivalents )

Us{ng road maps, topiga})hic;! nﬁps, aeronautical Tharts, weather maps, waterway charts”
Ushy protractors and graph paper to measure angles and areas in‘ informal geometry °

e - * Making applications in other fields or in the real world ii which students work in teamg (See

may be made in some contént areas. .

. »

)
[ -

® Measurement systems — métric and customary « « :
-+ 4* Typesof measuring instruments .
) ® Specialized instruments — music, medicine, electronics, aviation, boating, automotives

Going sfn field trips or having visfﬁng speakers

Evaluation' - - ., )
Teacher-made or standardized tests may be used well in the following-content areas.
., Estimation skills ' ) R
Calculation skills:™ . - - K o
. Use of scales in d@wings and maps ) .
Reading and interpreting charts and tables - .
, Application of arithmetic in everyday problem situations * ¢ - .
L " Identification’ of geometric shapes and related problems

+ * Interpretation of displays on measuring instruments
Evaluation of written or oral reports
( Evaluation of group $rojects . . R
‘£ Y 4 B P

Informal geometry . I T -

Sample Activity Physical Sclence Application — General Mathematics. ) Writte:n, or oral reports /.

S

.
PEAY
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e General Mathematics, ‘@

- | Register decoding charts (1 per student)
. ’ i dnstruction for ohmmeter (1 per student)' . . .
Worksheets with questions and spaces for recording answers  * ) .
Jl . Method _ \ ’
5 i . Distrlbuté the materials in‘f“dmual packets or packets for groups as budgets dictate
1 Students should make measurements in the sequence specified by the. worksheet supplledﬁy*
. the teacher. (Packets should include instructions for operating the' chmmeter and for decipher- ..
i . .ing the code on the register) < .

| H e ' . Sample Activity 1

. Activity title — Using an Ohmmeter ) .

“ " Activity objective .

The student will make accurate measurements 3uslng appropriate measurement devices.

~

- Time .

Two to three days will be required for these activities, and preparation of and procurement of
" materials will require three to five days, dependlng on the availabillty of materials. ~ -

2 - e

Materials T o . ' .

' v 5

3 x 5 cards (1 per packet) -
Ohmmeter (1 per packet) . .
Registers (at least 4 per packet, with resistance varying from 100 to 500,000 ohms)

Students should verify thelr riasurements by lnterpreting the codes on.the transistors. .

All instructions should-be vei¥ detalled according to the needs of the students — — some may be
» unfamiltar w&th the equlpment - % . .

.
\ ] \ N
‘ B . - o,

ritation .

Questions on registe codesor percentages of error tolerance may be included on tests.

e
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General Mathematics

Yy

v Sample Activity 2 .
‘ 4 o ‘ \ I
Activity Title — Physical Science Application : =
w . A ' - S
Activity objective . . < . ‘ ’ - .
The student will . &> - _ “.’ i

1 make accurate measurements by using approptiate measurement devices. ‘5,
2 compute efficlently — both with and without a calculator uslng whble numbers, ﬁactions,

. decimals, percents and negative numbers. ¢ é, v. \
- w . -
3. app'ly'gtlo and proportion techniques in practical settings. . . s o
o’ N v ? R o !
Time - - . R , #
Three to four days will be required for these activities and related study. Preparation and procure- i
ment of materjals will require two to three days (and the generosity of some teachers ln the -
_ sclence department regarding the-lle of-their equipment). T
-t ’ ) 9
Materials - .5 oo oo
Enough arm balances or pan balances to allow students to take tums'Wel;thng o -
1 box of table salt : S : . .
.
1 50-ml beaker for each group of students
& 3 .- o
‘1 graduated cylinder (50ml) for "each group of students =~ * e .
_ Access to. water . - . ’ . "
mm ' i . . . . 2 .,
°Perlodicl atomic ch;-(/opuonal) . ~— ‘ I
- - N IR ) . s o 7 bR .5
Method . ) . . . .
Prépare a worksheet and an answer sheet for each student. You may wlsh to ask a science -
# teacher to ass‘ist you. The worksheet’ questions should include the followlng ) T )

o Pour out about a tablespoon full of salt and weigh it op the balance pan Record the results on ’ .
the attached worksheet. * v |l
The atomic Weight of Sodium (Na) is 23 and the atomic weight of Chlorine (C) is 35. Salt is .
sodium chloride NaCl. A moleculg of NaCl has weight 58 (23 + 35) What percent of this R |
welght fs sodium? . - - : . - 1
What percent of NaCl is chlorine? LT

‘ In ‘your amount.of salt, how much is sodlum and-how much chlorine? * '

If you double your amolint, then how much would. be sodium? SR
In 100 grams of NaCl, how much is sodium? " ) ) .
Measure 30 mi of water in the graduated cylinder. ' ' '

~ Welgh the 30 ml of water in the beaker on the balance scale. How much does the water weigh?

-

132 ;
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Using the same technique, we}gh- 15 ml of water in the beaket on the balance scale.

Compute the weight of 478 ml of water. A o / l
. Evaluation ‘ ) .
Quettions concerning perqentgl\ge composition, ratio and proportion and metric weights and - )
volumes of water may be included on subsequent tests. At the.time of the activity, peer evaluation
is appropriate. Also, a science tea‘lcher might be invited to submit test items. Performance evalua-
\ ‘rtbn‘of students’ use of arm balance is appropriate. . LT
. . & & .
. > :
. Y l
Ay / -
o ) e e,
) R . ' v
. / ‘ -
o - « ¢
. . . ° ' ‘ :
& . ) N
. o 1’ v
v \ ’
! ) " ’
o g L .
«< -
. o ) * ’ ' - o
, - I . L -3 - ~
: ) | 4 N i ’ . e
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- General Maihemaﬂps'
St E " . Problems for Students
/3 . ‘ - ’ . K
‘ . A Tem;u '!'our,mnent,

. : o ‘ .
There are N.players in an elimination-type’ singles tennis tournament. How many matches must
be played (or defaulted) to determine the winner? R

Solution s

Each matclﬁ has one loser, each loser lbsesxonly once, so there are N - 1 losers, hence N - 1
matches.. ' ' > ’

[}
. _ . \
3 rl

The Handshakers e A
Every person on earth has shaken a certain number of hands. Prove that the number of persons
who hgve shaken an odd number of hands is even. -ce S
Solution : ¥

o

< %

Before any handshakes have occurred, the -number of persons who have shaken hands an odd
number of times is zero. The first handshake will produce two “odd persons”. From then on hand:
shakes will ‘occur between either two even persons, two odd persons, or one odd and one even ,
person. Each even-even shake incfeases the number of odd persons by two. Each odd-odd shake

. " decrepses the number of odd persons by two. Each odd-even shake changes an odd person to
: .. even and an even person to odd, leaving the number of odd persons unchanged. Therefore,

. ‘  there is no way that the even number of odd persons can shift its parity; it must always be an
- even number. . i . .

.~ -

[ - -




'Saﬁple‘ Course Plan
SO "'y

Counetlt!e Personal Finance (year) ’ ’ )

«

.. (This symbol * denotes objectives to-be included for a requlred quarter course.)

7 1

Course description

This course includes the basic concepts and skills necessary for being a wise consumer; personal
financlal planning; aspects of earning and spending money, consumer rights and responsibilities;
:discussion of credit, insurance, contracts and taxes.

'

* s
Course objectives — The student will g . . .
1. clarify Values indicating awareness of how evolvlrrg values, goals andresources influence
financial decision making. .
" *2. balance a checking account, given a sample bank' statement and retumed checks or check
stubs, with and without the aid of a calculator. . -
3. calculate hourly, dailg, weekly, monthly and annual wages given the rate of pay for any
.one of these and interpret standard payroll deduction terms.
4. demonstrate a system of &naging personal records of each and credit transactions.
" 5. interpret rights and responsibilities outlined in creldlt contracts, warranties and guarantees,
' sales contracts, rental agreements and lease. |
6. identify appropriate resources and consumer procedures in the event of personal financial
. difficulty.
; . — ?»
7. explain the importance of preparing a will. - . . ‘
/ . 8. discuss legal aspects involved in writing a will and list the lt\ims usually included in a will.
¢ * k .

9. estimate costs related to wills and estates. . )
10. identify financial services available to consuméi§ from four types of financial institutions.

11. compute interest, slmple and compound for a savlngs account with and without the aid of

acalculator® - »
; " 12. identify and compare various bank services, such as travelers and cashiers checks, overd(aﬁ ,
coverage.
13. describe methods of opening a checking and savlngs account making deposits and ‘ -
withdrawals from the account.

[}

*14. prepare a reallstic budget for}given income, both annually and monthly.

*15. complete an application form for’a major | credlt card and explain the advantages:and disad-
. vantages of credit card purchasing. " . [

-

¢

w16, solve problems related to installment plans, credit cards and loans by computing interest,
_ - finance charges, down payments, installment payments and total cost. v

« 17, explain how individual credit ratings are determined ‘and identify legal rights of consumer
@7 for rating information,

- 18. compare sources, types, service and costs of consumer credit from four different Ien,ding in-

. stttutions \
19. discuss different types of loans and compute the interest and service qharges for any glven ‘
one, . ;
e L] ‘ : .
:ﬁ: . . ‘i
J SN T'30 N | >
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*20. identify which size of an item is more economical by comparing weights and prices of each.
. ‘ “21. ldenﬂfy instances of deceptive advertising; packaging, sales persuasion techniqu%‘.and

credit pracfices, P . v
22." identify various means used to sell goods and services, i.e., advertising, promottor;s -buyiﬁg
. incentives. . -
6 Ve
23. identify advantages amd disadvantages of property ownership; ledse agreemené and rental'
contracts, A
24. describe or explain’ a given contract such as rentﬁr sales agreement N

25. calculate costs of malntainlng a house or apartment, ineliding monthly costs, such as utility -
bllls as well as maintenance costs such as painting and plumbing.

26. list different types of taxes and state where the funds are used.

[} * /
*27. solve problems related to taxes by computing income, property and F.I.C.A. taxes.

*28. complete federal and state income tax forms based on_given information. N

29. define terms associated with insurance (liabilities, exemptions, premium, deductlons net in-
come, disability).

r

. *30. determine the benefits from various types ‘of insurance and describe differences among
types of insurance such as term and whole llfg\lnsurance property and hospitalization.

\ 31. compute annual and quarterly insurance premiums and compare costs of group and in-

dividual plans. . ) . -
*32. define vocabulary related to investments,"such as compound lnterest Dow Jones average,
common and preferred stocks and bonds. | :
‘ *33. list types of investments other than stocks and bonds and their adyantages and disadvan-
tages:
, 34. explain methods of purchasihg stocks bonds and mutual fgpds. k
: 35. 'dlscuss the stock broker his job and fees. . v

36.° compute interest e,amed for given stocks or-bonds and calculate the brokerage fees.
*37. identify sources of retirement income and prepare a sample program for retirement income.

38. discuss tax shelters pension funds, social security and real estate investments.

. s

*39. identify some agencies dealing with specific cgnsumer problems and cite possible con-

»

sumer’s legal recourse for a given situation. | »
. 40. interpret consumer rights and responsibilities involving transactions between indlviduals and
financial institutions. e .
o > e
-~ ‘ ~ )
Course content ’ - >

° Personal conslderations
. ¢ Values, goals, lifestyles ) )
- * Career plans - .

Y
’

. .~ Earning money : 3 F
S : ¢ Employment possibilities and ptobabilities 1 )
e Applylng fora }ob

T-31
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N Servlceg provided by tax monies . ' .

Budgeting lncotne " »

‘s Allocating available income. (long range and short range) .
¢ Estimating monthly expenses, , ’7 Co

¢ Deciding on saving and investments :

* Adjusting a budget for emergency situations - @

Consumer information and counseling services and agencies, including lndependent and
gpvemment federal, state and local

~'Consumer rlghts and responsibilities - : /

~

Personal banking ' v
¢ Checking accounts .
® Savings accounts (compufation of interest)
* Loans (agericies, payments, computing charges) :
o Credit cards (pros and cons of credit purchasing)

Purchasing goods ’ e . . .
‘¢ Credit'rating . ’ ’
¢ Credit.cards . B
¢ Cash versus credit
o Costs of credit ,
¢ Charge accounts
* Installment buying

Comparison shopping . ) . A
e .Unif ‘prices : ’ ,
¢ Quality and"gra . . A

. Guarantees and warranﬁes

Understandlng contracts Co. '
- Rental agreements ‘
“" e Sales agreements . ’
¢ Insurance policies ) - L)
* Wills, including writing wills

Renting an apamneﬁ}i*c; house R
® Secprity deposits L.
¢ Signing a lease  .a : :

* Landlord rights and respensibilities ° o .
¢ Tenant rights and responsibilities W . :
* Cancellation and eviction * T . T

Purchasing a house ‘ T ' .
¢ Alternatives, the pros and cons of ownlng condominiums and mobile homes
¢ -Buying to rent or.lease - . . .
* Obtaining a mortgage ’ . :
¢»Down payments, monthly payments taxes, insurance, closing costs .
® Maintenance .

v

)

P

fl‘axos . .
te Compqmlon of varicus.types of taxes
e Flling‘vaﬂoustypesof forms e

4

ln!mrqnce - °" ‘ , - ° ) . .
¢ Personal, e.g., life, hospitalization e \ - .
o Property, e.g., homéowners, renter$, auto . - T . -

o Job-related, e.g., disability, unemployment workmen’s compensaﬁon t

137 T-82 o o




Investments ) ,
. ® Stocks (common and preferred), bonds and mutual funds
’ * ® Real estate
® Savings — such as accounts and certificate

Retirement .
. ® Retirement fncome and housing
® Medical considerations
' Instructional activities ‘ Q
[ (The following activities and many others may be developed at the local level.)
- + - Researching various agencies and services available t6 consumer N

Reconciling safr‘lple bank statements for a specific time period in which there are checks ‘
and deposits, some which remain outstanding -

Computing interest £arned on various types. of saving, e.g., accounts, certificates of deposit
including simple and compound interest . ~

Preparing monthly budgets for various given incomes — including monthly expenses, sav-
-Ings and recreation expenses

Comparing newspaper food advertisements. Using a calculator, figure the unit prices for
different brand items. Assuming quality is the same, show which products are more
economical

- Inviting guest speakers from an insurance agency, tax department, bank or savings and
loan association, brokerage firm, law office or other pertinent organizations

Completing sample applications /d ¢ s .

+

. Viewing films concerned wit nking, consumer information, insurance, taxes, contracts,
loans, investments or othef applicable topics & Lo,

T .
From a newspaper a ng year, tfiodel and price of a car; computing a discount, sales
commission, , down payment, monthly payments for a loan and total cost

For the car chosen, researching insurance costs and determine the lowest possible rate
assuming yourself as driver . N

Comparing term and whole life insurance and discuss other types of lfe and health in- *
surance ~ .

Simulating a case study for a damage suit against a homeowner with detalls of .insurance
information given . .

Categorizing various taxes according to branch of government and state the purpose and
use of these tax monies . —— .

Compléﬂng federal a'nd state income tax forms, (See Sample Activity 1 Filling Out Income
Tax Forms — Pers'on;al Finance) . . Co

o - -
Fleld trip to a broker’s, 6ffice to watch the electronic board or ticker tape as transactions oc- .
cunring on the stock exchanges are reported. ’ .

Choosing a well-known corporation and simulate-the purchase of a given amount of stock *
in this particular company. Record daily the closing market price over a six week period
and determine aimount earned or lost. (See Sample Activity 2 Investment Comparisons —

. Personal Finance) -

Planﬁlng a ;agnple program for retirement income, includifig sources of income and hous-
ing arrangements

T-33




» Inviting a lawyer to discuss legal aspects of writing and executing a will ‘
i*‘.f; . Wiitten or oral reports on major topics X b T . .
a v @ Insurance — types, differences, costs - .
- o ¢ Investments — types, pros and cons
- ‘ e ¢ Consumer agencles and services T
LR ’ ® Loans .
. ) ) i ) .
. Evaluation . - i o
' . . Teacher-made or standardized tests in several content areas . -
. Computation skills, e.g., interest, taxes ‘ “ .
X - ' Interpretation of insurance policies, contracts  *. - -
& ’ Purpose and use of various taxes .
o . - Application) of consumer Tights and responsibilities to everyday situations
Identification of differences betwegn certain types of insurances,#taxes, loans, invest- -
« ments ' . .
. Evaluation of written reports or oral presentations ) .
, Charts or graphs illustrating results of simulated stock market ventures . )
Evaluation of assignments, e.g., monthly budget prepared for a given income of prepara- o
tion of a sample contract, agreement or will )
, 5 . s L . ‘e . .
k3 ‘ . % - * L[4 ’ ,
’ \
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_ Personal Finance
“Sample Activity 1

Activity title — Filling out income tax forms

P

Activity objective - i}

- -

“The student will solve problems related to taxes by computing lncome taxes.
-~ -

Time '
One week may be scheduled for student actwities Teacher preplanning should begin at least a
monthin advance in order tosecure fnaterials.

LN

-

Materials * = .
Personal lncome tax forms (1040)
Instruction booklets available from IRS: “Understanding Your Taxes
Hypothetical W-2formsfor student wage earner -

Metho;i , .

Have students fill out fax forms for the following situations.
Shor{ forr‘n {no deductions other than personal exemptions)
Longform (with schedules of deductigns) ‘
Single .
Married, filing separately-
Matried, filing jointly i

Evaluation * . ) % .
On subsequent tests, forms may be filled outfora hypothetical situation.




A

Approximately 20 minutes per week may be devoted to this activity

| S Personal Finance
I - Sample Activity 2
Activity ﬂﬁe/- Inv;suncnt Comparisons ;

The ﬂuden’wﬂl } ~ ”

deﬁne vocabulary relq}ed to investments, such as compound interest, Dow JOnes Average,
common and ptefened stocksand bonds.’

llst’types of investments other than stocks and bonds.

AR explaln methods of purchasing stocks, bonds and mutual funds.

- discuss the stock broker, hisjob and fees. ' . i
compute interest’eamed from given stocks or bonds and calculate thie brokerage fé_'

Time . v

~ - N

Materials ’
Poster paper '

Newspapers
Hand-held calculators

Mcthod

Assign each: student a hypothetical sum of $20,000 with the instructions to invest all or partin the :
stock market, mutual funds, savings account, real estate, gold, futures or other invéstment. Make
certain that careful records are kept weekly charting the growth (or decay) of investments, sub-
tracting appropriate overhead costs, such as brokers fees, real estate fees and interest penalties.

»

Evaluation © * - .

Careful repom should be assessed by the teacher periodically and atthe end of the quatter Profit
or loss considerations need not be part of the, evaluation; success at investment is not critical in
this exercise. ‘ . .

'.
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S~ . Sample Course Plan

«, . .m\ e . .
} _ Couree title — Fistory of Mathematics (quarter) - . X“"\“‘K
v b | » ., v . ;.»n'.

‘Jhlgcoumlsdétgnedtoptovldea&mlp&vehmyofmﬂlqmaﬂcaldc:mlopmentﬁ:om.ﬁw : .
. time of early civilization until the present time. It includes personality sketches of mathematicians
* _ as.well as history of the development of mathematical concepts. Mathematical techniques of

, ?.sevcraltypgaredacﬁbed,butsldllintha‘étechnlques’lih&tan“objecﬁveofﬁ\eéoum. '

The student will.. : .
write a explanation of the concept of numbers.

describe contributions of earl§ dwilizations to mathematical development. -
Egyptian , . °J
Babylonian —_— :
Chinese ‘ ..
Hindu ) o
Greek . . .

{ Greek ,

identify members of the Greek civilization who confributed to the development of

matﬁema’ﬁcs. . ‘ . '

cite some.common applications of mathematics in other fields such as the following._
art economics .
music government

. social science * military .
biOlOgy . 1 business ~
: . . physics Sy e school administration
’ electronics éntertainment v
" identify mechanical aids to computation used in the past and/ at the present time.

identify sofite prominent 19th century mathematicians.

identify branches of mathematics. .

'

- Course 'Content . ", , .
. The concept of numbers /\ - - , ,
Egyptians . - .
I -, Babylonians. o .
s Chinese and Hindu | \C
" The Greeks — Thales, Pythagoras, Plato, Euclid °

I SR F

Eqroﬁean mathematical development | .

- -

;.f\‘\‘/ ' .American mathematical development .

‘ T-37

“entify som¢ prominent 20th century matherqaticiaps. . ) i)W

- oo




ol
$ - .
“ ¢ S - ~ [ .
' ‘ Application of mathematics o .
S o Computing machinery ’ ) . o . ‘
lt . Mathematics and fine ats '
. . Brief history of geomet!y . “ Co . . )
. . Brief history of algebra ' ) 3
- . o . Brief history of higher mathematics * )
- " . " Instructional Activities ol ’
' (The following types of activities and many others may be developed at the local level.)
. Using multitext libraries ) . . .
- . Viewtbg filmstrips, other visual media ( ' . o '
. ’ : : lnviﬁ“ng guest speakers . . S v
, - ) ving trivia quizzes or bees ( ' - e
. ) . (Se Sample Activity Trivia Quiz — History of Mathematics ) ' . ' - ’
| Using demonstrations of topological models such as Moebius strips <
. Using exercises with Greek paradoxes . ’
’ > VI Having ﬂeld trips to computer insr llations to observe the present state of the arts . Lo
Group ‘or team projects to develop an oral or media presentation < . "
‘ *  Role playing lives of prominent mathematicians ‘ .
e ) . Imaginary journalism or “news” reports which hypothetically place students back in history - ‘ '
y .. ' to the times of early mathematical development. (See ‘Sample Activity ystorlcal Joumalism ' -
- . — History of Mathematics) \ ) ¢ .
" ) Posting photographs with identification of major cultural or mathematical. contributiens of o
L ‘ famots mathematicians at appropriate places in the school ‘ “
" Traditional teacher lecture/discussions : ff . s N
Evaluation \ ! ' ' .
~Scheduled teacher-made tests ate: appropriate for most content areas in this course ' -~
/ K Evaluation of student written reports or oral presentations o ) .
, ‘ ) Evaluation of participation in group projec;is also appropriate L . T
: College Bowls or tournaments offer a pleasant variety of evaluatlon employing either team < A
A ) - or individual format ‘ , . . -
. - .

7" —N\

V. ra



Y R . o _l-iistory ot Mather_natics
[ ' \ Sample Activity 1

N Activity title — Trivia Quiz (sinilar to College Bowl) o
Activity objective _ _ .

The student will present, state or identify facts related to history of mathematics. 1 T
Time '

<o "One or two class periods may be used for the actual quiz One of two weeks of preplanning
should be allowed for students designated as resource persons.

. Materials ' ’ K ,
- . Print and nonprint ’materials for resear¢h group
: Index cerds (or equivalent material) for recording questions
Score keeptng device . / )
® . . :

2t .7 Methods o
. ﬁsslgn a research group of two to four students to construct questions about topics included
- e in {or alluded to) in-class discussion. The teacher should supervise this group checking the
4 questions for depth, relevance, and wording and by checking, the answers for acctﬂ'acy

.

‘ e Prearrange teams of four students to participate e insthe quiz, . o
Prean'ange. -a suitable setting and designate a time keeper/score keeper

Prearrange for school :pu'blicity o, s -
T, Schedule rounds for efficient and orderly use of time. ¢
B ) ., Evaluation . . 3 _ : ‘ ..
a lnclude several of the most provocative questions on subsequent tests and compare those results
~  with results of other questions . . ,
A : e % v - a‘ —— ’.; - IS \
o o '\ - > ! \ s
{ ' + “ -
- a/ - . . . . . .
[ \ ‘ ¢ - ~ : \

L ¢
‘ 1
t % *
.
& ]
>, 0
* ~ *
. - <N ~~—
\\.
- . .
. .
. ~ - T39
- . ,
.
- " 0
"‘ -
- .
b . »
R 3 , <
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L y . o : . ‘ Histofy of ‘Mathematics -“
KRS ) c co Sample Activity 2: ™

‘ Activity title — Historig! Journaliam o ' ¢
. Thestudent will present in writing facts related to people and events from history of mathematics.

A

: . One or two weeks should be allowed for research and writing. One week may be used for
. classroom sharing. Several weeks after the assignments have been completed may be used for
publication of the articles.

« Materials .
4 Print and nonprint materlals for research . . -
Typewiter - , . / . '
N ) Copying machine (if available) > . ‘-

_ ~ . ~
Method i - . !

.

Make assignments of “coﬁrage” of personalities and events from the past that are related to
, : many areas of mathematics. ) .

. Allow students to present‘their reports in class. - ’ - ‘

¢ F

Arrange for a ;nethod of selecting the best for publication.

B Publish the best joural articles by using. the school paper or a bulleﬁn board reserved for
special items. Local newspapers miglit allow a series of informative articles that are well-
* . . written about mathematical personalities or events.
o * ¢ » N . : -
. ", Students could set up evaluation criteria for evaluation. . o
,:c - ; \
N . 4 - . ’
. ‘\ - -~ ‘ . oy
' ° . ‘ - -
N J - -
’ . .. ! l , ) -
v o . - o >

g L "
d ) a P X - '
-
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i S Histor& ofMatl\;e’maﬁés "
- R Problems foro Students

. " Problems from Mahavira " .

I, " The nature of many of the Hindu arithmetical problems may be judged from the following,
' . adapted from Mahavii&"(ca. B50). Solve this problem. :

N

P

; A powerful, unvanquished, excellent black snake with 80 angulas in length enters fito a hole at
" -, the rate of 7V angulas in 5/14 of a day, and in the course of 1/4 of a day its tail grows 11/4 of
“hn angula. O ye ornament of arithmeticians, tell me by what time this serpent enters fully into the
s hole. (Answer: 8 days) ‘ .. *

v L3

-

I
»

.
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. : .- . Sample Course,Plan
. . . . R D )
LA TN - _ . N H -
:‘-‘_' . ‘ - - Course title - Gebmetyy throug!z Constructions and Applications (year)

L - Course description

The course is based more on intuitive notions and real world applications than on-a formalistic and
axiomatic ‘approach. Proof is included but is secohdary to other more intuitive considerations. The
content Is essentially traditional in nature, but the'approach to the content is based as much on in-
. ductive reasoning as on deductive reasoning. Students investigate theorems through méasufement

arid construction activities.”The course begins with an introduction to constructions and inductive

° reasoning. Problems which involve real-world situations are used to introduce and motivate the
learning of theorems whenever possible In general, the course is designed to promote the
perspective that geometry provides d means of descrlblng our world and understandlng how to

. solve problems that occur in our world. . -
‘ Course objectives — The student will T
1. identify and classify basic geometry figures. -, ,
. 2. use compass and straightedge to do basic geometric constructions’ A i .

3. use inductive reasoning to reach conclusiqns.

-

4. use deductive reasoning to reach conclusions .

5. use conmxence assumptions to prove txiangles congruent. . -
. 6. use basic theorems about triangles, e.g., the Pythagorean Theorem qnd the Isosceles
. ] Triangle Theorem, to solve problems. oo .

- 7. luse basic theorems about parallel and perpendicular lines to solve problems

v

s > 8. state properties of trapezoids, parallelograms, rectangles, rhombi and squarés and use- those
i . propérﬂes to solve problems. ~
P oot ) 9. find the perlmeter, area and volume of basic two and three dlmensional geometric figures
- . ' 10. state the ratio of ‘the sides of a 45°,-45°,-90° txiangle and of a 30°, -60° -90° trfangle and
woet * , use the ratids to solve  problems. i \
w - / « iy ’

11 use basic theorems about inscribed.angles, angles formed by tangents, secanliand chords
to solve problems. .

12. use.basic theorems about cnords, secants and tangentsto solve problems.

13., use reflecﬁons and rotations to describe properties of geometxic figures.
o 14 find the lmage of d geometrlc figure given a rotation, a Iine reﬂectiOn, a translation
’ 15. identif figures with line symmefry with rotafional symmetry.” . >

16. use basic similarity theorems to prove triangles similar and to solve problems, .

-

17, use. the midpoint, slope and dlstance formulas to solve problems. -
18. apply the relationshjps of slopes of parallel and perpendlcular Ilnes to solve problems.

M

few "
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Points
® coplanar
¢ rioncoplanar

Lines

* parallel

¢ intersecting -
¢ concurment

o skew

Planes ™
¢ parallel
® intersecting

a—

Space
® sphere

. ® cone

e cylinder
¢ polyhedra

obtuse
supplementary
complementary
vertical

Triangles

® equilateral -

® jsosceles

® scalene

® acute

® obtuse )
® right

¢ 30-60-90

* 45-45-90

Quadrilaterals

o tfapeZOld <’ . "
o Lite

‘o parallelogram

® rectangle

¢ rhombus

® square

Constructions

¢ copycircles .
®_copy segments

® copy angles -
* copy triangles

* bisect angles - .

* -perpendicular bisectors
- * perpendicular from poin

o parallel lines *

Course content

)

t'to a line

Kl

Citcles
® center .
® radius
o diameter
7o arc
¢ chord
& tangent.
® secant .
* gantral angle

. Polygons
® convex
¢ similar
¢ congruent

Transformations
® reflections ,
® rotafions

e translations

Perimeter
® triangle
¢ quadrilaterals -
® regular polygops

Area . -

® triangle

® Quadrilaterals

¢ regular polygons
T e sphek;‘*: .

® cube’

Volume

® cube :
o tetrahedron
® right prisms
® cylinders

® cones

¢ sphere

Coordinates

, ® midpoints

¢ slopes
] d[stan(:g formula

Nl

LN

.~”»




Typuofactivlﬂa

®  Activities using concrete materials
"1.  An activity can be designed to demonstrate

that the intersection of the medians of a
triangle is the centroid or balance point of the
triangle. Each student is given a sheet of

\/,_.cardstock or cardboard with a triangle drawn
on it. The three m of the triangle are
constriicted. Punch® small hole in the card-
stock at the point of intersection (centroid) of
the medians. Cut out the triangular region
and place the centroid of the triangle on the .
point of a sharp pencil. Observe that the
triangle balances, that is it remains parallel ta
the floor. -

. This activity ls designed to show that the sum
of the measures of the angles of a triangle is
180°. Cut out a triangle from a sheet of
papér. Place the “corners” of the triangle to
form a straight angle with two sides as
shown. The students can observe that m <
1+m<2+m<3=180°

. There are many proofs for the Pythagorean
Theorem.. Many involve the concept of area.

* One approach is to disect squares A and B in
such a way to form square C, thus showing °
ae + be = ¢ (See Sample Activity The
Pythagorean Theorem — Geometry through
Constructions and Applications)

® Activities which emphasize inductive reasoning
1. This activity involves making a table.of values
and trying to recognize a ) pattern between the
number of sides of a polygon and number of
.diagonals. The lesson could start by posing
‘the ptoblem, “How many diagonals does a
20-sided polygon have?” Students can deter-
_mine the number of diagonals for polygons
with 3, 4, 5, 6, 7.and 8 sides. Once a pat-
tern is observed the number of diagonals of a
20-slded polygon qm,_be determined.

s/ diagonals
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2. A similar approach usinga table of values can be used to discovef the relationship bet-

o ween the number of sides of a polygon and the sum of the m of the interior
e . angles of the polygon. (See Sample Activity Measures of Angles's} a Polygon —
T -Geometry thlrough Constructions and Applications)
©o - sides meadures of angles K
'3 180° ° - e )
4 360° S

540° . ) °
¢ Activities involving constructions . )
.. 1, .Students enjoy using compasses and straighfedges. T}itg activity uses a compass and
o straightedge to show that the perpendicular bisector of a chord contains the center of
the circle. The activity.can begin by posing the problem of finding the center of a circle/7
of the center of the arc of a circle. The problem could serve as a motivation for the
*_theorem about the perpendicular bisector of a chord. Students can draw circles and
Fchords and construct the, perpendiculaf bisectors of the chords. They should observe

©

that the constructed lines contain the center. .

2.. Another construction that students enjoy is finding the
circumscribing a circle about the triangle. Similarly stud n construct the argle
bisectors of a triangle and inscribe a circle in a trianglg’ (See Sample Activity The Cir-
cumcenter of a Triangle — Geometry through Corfstructions and Applications) |

- -

L !
. *  Activities involving real-world applications ‘ .
- 1. This activity involves a probjem that sometimes occurs in carpentry. Suppose two con- .
. . « verging timbers are to be cut along a line 1 that a board can be nailed flugh against the
Lt

to introduce the Isosceles Triangle Theorem. Two carpenter’s squares ¢sn be placed so
that BE = DE. The,Isosceles Triangle Theorem says that m s EDB = th s EBD and

hence m&4BDC = m 4DBA. This allows the carpentef to solve a real problem using a
.basic higlt school geometry theorem. . . .

2 Thhactivﬂyhvolvaamvlgaﬂonprdbkmmdmabask.thgmmaboutmsalbed
/ angles in a circle. In short, the problem consists of staying outside the arc of a circle.

conveying boards. At what angle should the boards' be cut? This problem can béused o

This can be done by keeping the M4 ASB < m 4 APB. Note that m 4
~ donstant

90 long.as P is on the arc of the circle.

*

- &

involves the

s

remains
that

says, “The' measure of an inscribed angle of a circle'is one half the' measure.of the in-

150
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tercepted arc.” (Sec Sample Actlvlty — Inscribed Angles — Geometry through Con.
struction and Appllcaﬂom) . ¢

# L d

. . - s - .

Evaluation ™. . v ) £

) .- Evaluation can consist of paper and péentil testJtems and whatever other means a teacher .
o eh&s'lo use with emphasis on applying thedrems rather than proving them. Numerjcal ex- ,
‘ ercises sﬁould be used whenever appropriate as should real-world applications. This ap-

-, .
. . proach is consistent wnh,tbe intent of thescourse; viz., to rely on an intuitive and inductlve
K approach rather thar a predominantly pxoof orjented approach. .
- . °
. Evaluation of constructions and dr&wings . .
R < ) g e ) e - Y S ]
“3. ... . _ .Evaluation of individual artd group projects . - *»'
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Activity title — The Pythagorean Theorem

A . \

' Geometry through Constructions
. - and Applications .
Sample Activity e

Time .
One or two class perlods may'be scheduled for this activity.

o

The student will discover the Py'thagorean Theorem.

Materials

Graph paper with figures drawn as shown below .7
Scissors )

Method )
Distribute copies of each of the figures below to students. )
Instruct students to cut up the squares A and B and rearrange the pieces to form ‘square C.

£
- N ¢
s . »
A3
* Q




S - Geo)netry through Constructions o

¢ R - * . o

¢

- 3
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Activity title — Measgres of Angles of a Polygon

- . ’

Time o

One or fwo class periods may be scheduled. . .

Activity objective

» *

The student will determine that the sum of the measures of the angles of an n-gon is (n-2) x
\

180°. e »

Materials - / t pl
A
. Worksheem with polygons drawn
+ Protractors L
Method

Hand out worksheets with ‘polygons drawn as
shown. (The polygons shown are not regular.

Vo..,"+ One could consider uslng regular polygons.)

Have students determine the sum ofthe - .
measures of angles of a triangle, quadrilateral,
pentagon and hexagor. The sum of the measures

o could be determiirfed by partitioning‘the polygons
into triangles or by using protractors -

Have students make table to organize data

Encourage students fa prédict sum of measures of

angles fog seven-sided polygon. Determine the

Sum and see if prediction was correct. Repeat for
. eight-sided polygon .

. Use the datai to develop a formula for the sum of

4 . the measures of the g’g]es of an n-gon.
. . . .
) ‘ \
- . S . > N
° L
L4
. .

>

- and Applications
Sample Activity

-

.

QO
lgod

&

a

4 triangles. Hence 4 X 180

- In interior angles. »

e

sides of . sum of
polygon |- interior angles
3 . 180°
4 360°
5 . 5400
, 6 * 720°
7\\ ?
8 \ -7
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.s Evaluation i - ) .
' " Draw right triangies apd ask students to state the relationship among‘pthe sides.

the third side. .
Have students use-the Pyth;lgorean Thedrem to solve real-life applications.

¢

Given a right triangle, provide an area intersection of the vathagor_e;ﬁl Theorem."*
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Geometry through Constructions - ‘.
ons -
Sample Activity

-
¢

K

. Activity title — Inscribed Angles

s, v
»

Time .

Two class periods may be scheduled for this activity.
Activity obje€tives T

The student will .

discover that the measure of an inscribed angle of a circle is one half the measure of its in-
“tercepted arc. '

. MWORKS sle:-r

apply theorem to a real-world problem.  * Treblel el
SDICM atttes: wr ettt AV s

’ WLt Saan/s 1 bl R Ladne At il
Materials WU it v A

Worksheet for each student . . . «A
" Protractor for eAch student '

Distribute the work sheets whf€h contain the -
statement of the problem, two sets of two points
and a circle with two points marked on'it. Dlscuss
and illustrate the problem below. .

Problem statement: Suppose the captain of a ship wants
to maintain a safe distance from a shoreline. How can
the two lighthouses be used to keep a safe distance from
_ the shore? Indicate to students that they will learn a
" theorem which will hflp solve the problem.

Using the worksheet have students flnd polnts P
suth that M < APB = 60°,

Identify the geometric figures (arc-of a circle
actually two arcs of a clrcle) which the points
describe.

' Repeat b and ¢, for points,C and D.

Evaluaﬁon

Given a polygon, determine the sum of the measures of the angles of the polygon

» i

Given the sum of the measures of the angles of a polygon, determlne the number of sides
of the polygon. .

Given an n-gonwith the sum of the measures of the angles'\mngles, find the
measures of theé remaining angle. X

-

Use the formula to determine the measure of an angle of a regular n-gon.

155 150
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, - \Gebmetry tﬂrough .Cbnstructio'ns )
‘ . o and Applications
S_at'np'le Activ}ty

-

- Activity title — The Circumcenter of a Triangle

» - s
®

\‘l\ Time ., i ' »

k)ne or two class periods may be scheduled for this a%vlty

. 3
- - Y.

- N -
«
\ N -

determine that the pexpendlcuiar bisectors of the sides of a triangle are concurrent.
deterqlne that the point: of concurrency (called the circumcenter) is th ‘cenler of a circle
ch

_ " which*trcumscribes the triangle. .

Materials . - %

Worksheets with‘triangles of all types as drawn (or have students draw their own triangles) -
Compass T L %
Stréightedge RN - . *

Method B

L3
A

Have students construct the perpendicular bisec-
tor of the sides of a triangle. )
Draw the circle as shown in the diagram.

Repeat for all types of triangles — ‘
acute, obtuse, right, isosceles, equilateral. "

————d -

14
(.
0y

~

SZ R P

K . H 1] .
- Given 'a“trlangle, have students find the circumcenter and draw t!'xe circumscribed circle.

Ask students to draw triangles in which the circtimcenter is (1) inside the. triangle, (2) on
the triangle and (3) outside the triangle.

Using the circle already drawn on the worksheet,
have students select paints on the circle. Using
protractors have students determine that m 4, APB
= !2m (AB) for each point.P selected.

Help students formulate the theorem: ’ .
The measure of an insctibed angle of a circle is,
one half the measure of its intercepted arc.

. . B~ .
Returmn to‘t‘he navigation problem. Suppose the captain wants to keep outside the arc - of the
circle. This means that the m 4 ASB must bé less than m 5 APB. Why? Thus, as long as
the captain maintains an 4 ASB so that m 4 ASB < M 5 APB the ship is 3afe.

‘ . 156
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Comment — This lesson can also lead to theorems about the measures of angles formed ’ |

3 by secants or tanigents to a circle. Also, the problem of finding the center \
: of the circle which contains points A, B and P such that m s£’APB = 60° |
. can be considered. .
. Numerical exercises can be developed in’ which measures of the arc of a circle are given and the
) measures of the inscribed angles are to be found and vice versa. .
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*, 11« find the,area volume and perlmeter ofostandard geometrlc figures.
.

P

éample Course Plan -

Y °

Course title — Geometry\through Tmnsfonnatlons\(year)
Couﬂe,dubﬂption . .
The course begins with a stidy of relations and functions. Geometry is considered as a continua-
tion of the study of algebra. The concept of/jormations Is introduced early in the, course. «

L

.
[

! Transformatioqs are used throughout the cougs€to teach characteristics of geometric ﬁgirrk\s; -
Through the study of ispmetries and dilatiod; students will be prévided useful applications of the -

funckon concept.,However, the major purpose for_ introducing transformations in the study of

yis toprovid= e a useful tool for solving geometrlc problems,
»
C}

»

,QQO

‘+Course
‘1.

4

— The student will

examples of relations accotding to the properties; “equivalence, order, function,
isometry, similarity.

explain why transformations in the plane are rélations.
- identify basic geometric flgures. ’
- classify basic geometric figures. )
use gepmetric relations to compare basic geometric figures

I3

°

m“Pis» N

“B.usea compass and straightedge to construct various geometric ﬁgures
7 .use a mira to draw various geometrlc figures.
8. use transformatiOns to describe properties of‘a’rlous geometric fjgures h

9! make some deductions after performlng some geomehlc constructions accordlng to given
directions .

, 10: solve some geometric problems whlch involve numeﬂcal results..

o<

°

4

oy

12. use transforinaﬁons to show how the formulas for area of plane ﬁgures were derived. h
13.
14.
15.
16.

o

apply measurement con.cepls to solve problems

<

usetransformations fo prove theorems about gongruence

P LYY

use the theorems about congruence to analyze geometrlc situations.

-

use the theorem about corresponding parts of congruent ﬂgures to analyze geometric situa-
tions .

1

]
.
AR

-

apply the properties of slmllarity +ransformations to sGlve rati and proporﬁon problems ln a
geometric context. (\

use the distance formula. <

apply the slope condition for petpendlcularlty and parallelism.
use coordinate’geometry to establish some of the traditional resluts of Euclidean geometry.
use coordinate geometry to perform some transformations’ in the plane.

17.

18.
19.
20.
21.

.

-
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LoTas

o

e {2} rotations -

Course content

o Let’s relate
- 1, arrow diagrams
2. domain/range *
3. ordered pairs
"~ 4, mappings
+ b, functions
6. graphs
7. transformations
.a. isometries
= (1) translations  °

-~

+ (3) reflections
(4) glide reflections
b. similarities

‘8. topology ~

¢ Tradition
1. points
2. lines
,a. parallel
~b. perpendicular
c. skew '
d. segments
e intersecting
f. rays
3. angles
. a. acute
b. right
c. obtuse
d. straight
. supplementary
f. complementary
* 4, triangles .
a. equilateral
b. isosceles .
_c. scalene
d. right
e. 30-60:90
" {.'45-45-90
5. quadrilaterals
a. rectangles
b. squares “
c. parallelograms
d. trapezoids
e. thombii
g f. kires,
" 6. circles
a. circumference
'b. radii
c. diameter
d. tangents
e. chords

-
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*{. inscribed angles C R . -
g. central angles  ° \ . o -
h. congruence °* s ) S —— - .
i. similarity . ‘ e, o
j. area and perimeter . “‘in .
® Triangles and mng . , -
V' 1. mirarconstructions ) ‘.
2. compass and straightedge construction
3. symmetry A
4. transversal of parallel lines . K . / , ‘
" 5. dimensiolns of plane figures : . . a

.o 5. proofs using coordinates

Ak

"t 3. perimeter - :

b

»

- Evaluation - /

3

% . . — — 2T
®—Measurement- A ‘ N 4 S, y
1. area - e . o . -
2. volume C IR . '

4, formulasvia transformiations o b

. tongruence . ’
1. congruence through isometries -~ i
2. cortesponding parts of congruent figures . L AP
3. triangle congruence principles . . a

¢ Similarities ‘ A ) e
. 1. similarity transformations \ “
2. ratio and proportion

1
ps €
. c . ®
e Coordinate systems . .o . S 7 .

1. distancé formula . o B '
2.slope . ' .
S.ﬁnidpoints of segments .
/"% perpendicular and parallel lines : | .

o

Instructional activities ' ' )
(The following, and many, other types of activities, may be developed at the local level.)

'Studying, working through and discussing basic content of geometry, e.g., Isosceles Triapgle'.
Theorem’ . : . ’

Studying relationships among isometries, e.g:, the product of two reflections of patalle] lines
is a translation '

Relating geometry to the real world: e.g., identifying objects with syrhmetry, consider real
world problems — applications. {See Sample. Activity Reflections - Geometry through
“Transformations) - . . -

7
+

Constructing and drawing gebmetric figures which require the use of various geometric tools
and ‘methods, e.g., paper folding, compass, straightedge and mira, thus pr'ggidlng students
opportunities for original investigations. (Problems should be posed for studefits to make

deductions after having performed geometric constructions according to specified directions.)
a

Teacher-made test items or similar means of evaluating student performance ¥
Evaluation of problems solved which are real-world applications \
4 . . l 8 (‘)
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Evaluation of constructions an;i/ drawings and deductions based on findings from performing = ‘
constructions - : ~

4 . -
Evaluation of individud}bor/group projects ¢

/ . .
. / .
:
» - -
, :
:
-
-\
( .
- .
.
®
,
.
> <
»
.
. L/
. .
]

» <
v .
/ .
. . -
- ! “
-
\S
B -
. . -
‘ . ’ . . ’
» -
Py
’
N W“ )
) -,
?
N ]
. «
B
A .
2 L4
. P . F] ’
. -
. »

B2 N




]
¥
. . o

o g Gégnetry through Transformations
s o Sample Activity
~ o )/' Activity title — Reflections - . ) .
. Time ) . .
" One or two class periods . ‘ —
Activity objective _ : = -
' The student will dlscover that the composition of two-reflections about parallel lines is equal to a
- translation of twice the dlstance between the lines.,
Materials

Worksheet with parallel lines, mira or tracing paper (the paralle! lines should be at various ~
distances apart and with different orientations). 5

-

Method / )

Reflect P about A then B. Have students com-
pare PP with the distance between A and B.

Repeat using lines C and D. Reflect P about C
first then D.

.. Repeat for lines E and F. ‘

Repeat for lines G and H (as an alternative; _
students ¢ould reflect a segme‘nt or a triangle

l.h%::an a point). -
Help students discover the desired theorem.
: . Evaluation

Students should be given two paraliel lines and asked to describe an equivalent transforma-
tion to the composition of the two reflections.

Students could be given a translation and be asked to represent the translation as the com-
position of two reflections. .

»

Students can be, asked to find image points, glven‘points and two parallel lines of reflection.

Note that a simllar acﬁvity could be devised for the con)position of two reflections about lnter-
secting lines. ’

162
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. g ~ Geometry
PO "~ Problem for Students

What is the curve of minimum léngth which bisects the-area’of an equilatera] triangle? -

Solution

AY ”

Reflect the triangle and the bisecting curve repeatedly, keeping one vettex fixed, and thus produce »
a regular hexagon. The closed curve cugs the area of a hexagon in half, so has a fixed area inside.
Consequently, if its perimeter is a minimiim the curve is a circle.with center at the fixed vertex.
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Sample 'Coug'se Plan

Course title — Basic Principles of Geometry (quarter)

- Course description - ‘ .

This course will‘present the basic ideas of geometry including'the nature of angles, triangles,.
congruence, geometric inequalities, perpendiculars and parallels. The course will be taught using
postulates and theorems in an effort to teach the nature of direct and indirect proof.

[}

.

Course objectives - The student will . : Coe
determine from a list which terms will be undefined in geometry. ‘
describe points, lines, planes and spaces in set terminology.

recogriize and define direct and indirect proof.
s

Y : . 7

define collinear and coplanar.
define and. illustrate convex sets.
define, illustratg(a'n.d measure angles. , -

-define and identify complementary, supylementary, right, congruent and vertical angles.
woric'slmple problems with angles. . ’ , ) - '

(define ;nd lllustrate an angle’s bisector. - ‘ oL : -

. define' and {llustrate thé various types of triangles.

. state the three basic congruence postulates. ' ) ‘

12. prove problems using-the three basic congruence postulates.

13. define, illustrate and work: problems conterning mgdians and altitudes. . .

14. define, ?}lusbate and work probI;ms concerning exterior ang\l)os of a triangle.

15. state theorems concerning lnequplltles within a triar}gle and en two trfangles.

16. identify and describe perpendiculars within planes and perpendiculars, found by planes and
lines. . § . ‘ )

" 17. défine and describe paralle! lines and planes. :
18. prove theorems ‘c:oncemlng the five main types of quadrilaterals.

¥ X N AW N

o
[=]

i
P

) ’ Coum content . . - o
C— 6gﬁn'ed versus undefined terms ) , .
* Nature of proof - B ¢
, C eges | . .

Triangles




Instructional activities o v e

4

(Th.e following activities and mans; ofhers may be developed at the local'level.)

" Play geometry vocabulary games. . . \
Activities on Tessella{ions and Dissections. {See”Sample Activity Geo\metry — Tessellgtion)

¢ [lustrate congruences,.inequalities, ‘perpendiculars ahd parallels with construction paper and
. papes, clip models. , ‘

. . . ’ »
" 3 Let students present proofs to class. -

Evaluation

~2="  Teacher-made test

Class presentatign evaluation .
Individual or group project _evaluation.

e
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Y B - Geometrb
' - C - - Sample Activity
Acthdtf title — Tesselaﬂone ; . '

<. Activity objecﬂve

The student will demonstrate the relationship between the ftiangle and rhombus, trapezoid
parallelogram or hexagon. ®»

,

< o
J Time-Oneclassperiod . o
9 . s .
AMaterhls — :

. Cutouts of'triangles LMN and XYZ

.

N )

o

:
R
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Cor :..ﬂm - = «Introduce “tessellation” as a Latin word which means to <over wlth tiles.

. ”‘ ' How do'you make the trapezoid? Sketch your solution.

u‘%v
) Method

%.

Using ALMN,.determlne if the. rhombus can be covered. lf so, sketch the solution.

How do you-make the parallelogram and hexagon? Sketch your solutions

' Can you make.a large equilateral triangle using exactly four of the small tiles? Sketch your
results. . -

Take a gloser look at the hexagon Can’you find another shape within this region? Sketch it
Qn pa

sing tiles shaped like AX?Z can'you make a square using exactly four tiles" ‘Can you
make a larger square using exactly eight triangles? Sketch your results.

* _Can you make a larger right tria_ngle using exactly four tiles of AXYZ?

P [
-

. s,
“ Evaluation : )
Evaluate the sketches on the basis of correctness.

’ .

[ v

Creating tesselations should be encouraged teacher or peer evaluation of the tessellations
could be used.

- . ¢
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o ' : S - Geometry‘. E
‘ . l{roblem fpr Students

. The Elusive Angle ' -

. . , ) . s {

An Isosceles triangle ABC has a vertex angle C = -20°. Points M and N are so taken on AC '
and BC that angle ABM = 60°, and angle‘BAN = 50°. Without resorting to trigonometry, prove
‘ that angle BMN = 30°. o <
‘Solution t : > (

‘ - )

: Since the sum of the angles of a friangle equals 3 straight angle or 180, then 5CBA o . i
~~. . .4CAB = 80° 4CBM = 20° and 4BAN = 50°= #BNA (so BN.< AB). Draw MR parallel s

to AB and AR intersecting BM at D. Draw ND. By symmetry, triangles ABD and MDR are ! b <.
' isosceles and hence equiangular. Then BD = AB = BN, so 4BND = 4BDN ‘='80°, and " S
4NDR = 40°. Now s'MRC ='80°, so sNRD = 40° = sNDR and ND = NR. Thep since -
DM = MR, NM is the perpendicular bisector of DR. Therefore sBMN = 60°/2 6r 309. -, ..
. | | ' S 1 -
/ -
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- ;. Sample Coqrs‘e gan ®

. v
. Coyrse title Computer Science I (quarter) . )
Thls ‘coursé is designed to infroduce the student to the history of electyonic computing, elementary
- . vocabulary and career opportunjties in computer science.
' o Jl - Course objectives . ' - ., -
" The gtudent wil : . - * .
B 1. relate the general history of electronlc computing )
< ' 2.. 'be conver tin the vocabulary of computer science. o , _
) . - 3. be aware of caréer opportunities in the computer lndustx:y | ' < : ‘. ) ' Al"
' Q . be aware of the various sizes and capabillties of computers. :
. 5. state the names of severa] computer manufacturers — from large scale computers to per-
et . sonal computers. . . - “ -
5 ‘ . 6.. constructa set of instructions for others to follow jn accomplishlng a task. o t ,
s . ,' follow a set’ ot instructions developed by others. R - - . L
S . Course content o S . - . : .
] i Co - "History of electronlc computing ' . o i ‘
‘. Overview of current technology . . ) )
" . . Vocabulary of computers \ .- ) ) €.
. ~ . Career{ in computer science ' . .
. ‘- T ’ Algoﬂﬂlms’—_constmcﬁon ané interpretations .
., . ' The foﬂowhg'mﬂvlt;;s and many others may be developed at the local level. . ) ' ) "
o Werking selecied activites In a stitable textbook S
. N " Using employment advertisements in newspapers to determine natm’e of careers in computer ’
. . sclence . .
4 - "7 Writing algoﬂthms (ln ordinary sentences) for other stndents to folﬂv N
. _Interpreting algorithms that others have wrMoe Sample Activity Human FIow Chart -
o I ’M ComputerSdencel) 0
Vlslﬁng eomputer lnstallaﬁon or have a smachomputer brought to the school for a
o dcmonmﬁon .. ‘ . ‘
- - N Eveluation, . ' . -
. Teacher-consiructed tests L | .
K - . .Pw evaluation of algoﬂthmi I 9 wF ) ' ‘
N € o ~ B
! . . T6




Computer Science |
Sample Activity

Activity title — Human.FIoui Cyh&'rt

Activity objective .
The student will fllow a flow chart developed by’ others.

-

Time . ' .

Ap.proxlmately 45 - 60 minutes, including class discussion time; may be needed for this activity.
H 4 R " 2

Materlals . . .

Masking tape .

Poster board ' >

Marking pens

Open floor space (push chairs toward,the wall in a classroom)
k4 . &

@

Method

Place flow chayt symbols on the flcor, with tape corinecting them to show flow directions. Include
a choice branch or two, Allow students to be the computer, moving along the flow chart,
computing values of variables ajong the way. At output times they may direct a printer (other
student) to display data as directed by the flow chart. At input times the computer can receive

R

data from the operator (regt of the class). As variable vlaues change, the computer can direct an
arithmetic control unit (student at the blackboard) to record changes. .

Evaluation © o

Similar flow charts may be included on subsequent tests with interpretation required of the
students. ° ‘ . ,

']
A}

]

.

Lo
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Sample Course Plan© @

. s ‘
Course title — Computer Science Il (quarter) - v

¥

K Course description :
This course is designed to provide students with an dverview of the presént sfate of the art\w’
computing, programmiing concepts @il introduction to a programming language.

Coyrse objectives o
Thie student will
be aware of cyrrent trends in the coniputer industry. ,
construct and interpret algorithms in both mathematical and nonmathematical settings.
. interpret number names and symbolg used in computer, related literature. 4
perform arithmetic operations peculiar ;o computer related problems. ’ \
{llustrate algorithms with ﬂc?w charts.' ‘ . . ‘
interpret flow charts constructed by others. ) .
translate a ﬂow'chaxt into a program in a higher-level computer language

I N T A e

read and follow an instruction manual for programmlng a computer or operating a computer _
}, or computer terminal. ’ ‘ .

&
Course content . - ’ { s ~ ) ‘
Survey of current trends and foreseeable advances in future technology
Use of algorithms to obtain problem solutions . : L . v
Flow charts — copstruction and interpretation
Specidl uses of relational symbols: +, -

Hlerircl'xy of operations and use of parentheses

Numeric and alph_a ‘numeric variables i ]
Lo'gaﬂthms and exponents ' ) Sy
Branchlng in compute:; programs ) 3 ‘

lntroduction to a higher-level computer language, e.g., Basic, APL, Fortran, PL/1 Pascal "
(See Sample Activlty Comparison of Languages —- Computer Science Il )

|
|
AbpllcaﬂOn.of F(x) notations, functio_ns ar;d arguments ~ . & ) |

‘ v " _ ' : ’ ' ‘ : . ) :

- " (The following activities and many others may be developed at the 10(3 level.) ‘ ‘
Working selected activities in a suitable textbook ' ‘

) Constructing flow charts that model algorithms , .

§- ' Stating algorithms that compute solutions to problems '

i ’ o erﬂng programs to be run on a computer /’_j ‘ ‘

1- 171 'T-66 . . ‘
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Evaluation !

!

. .
. . o, L
‘o -

" Preparing a short research paper on a specialized area of cpmp:xter sclence or data process-
lng- N .. . - R ‘., - v

F >

Preparing a lesson on a suitable data processing topic (such as

0 as word processing) for presen-
tation to a business education class ™

PN
N

Hand-checking flow chart and programs to determine t}néctﬁess of logic and language
elemerits . ' y :

3

Teacher-constructed tests
Evaluation of research papers
Peer-evaluation of algorithrns and flow charts
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Computer Science |
Activity title — Comparison of Languages

Activity objective
The s&udent will interpret number names and symbols used in cpmf;utertrelated literature. -

< Y
> . 2

Time
1 week (near the end of the quarter)

Method . ‘

L3

.li‘repare a program in the language most common to the studerits. Give every student a copy.
Assign indlviduals (or groups) a new language as the medium for writing the same program.

o
Materials °
Resource books, periodicals and other available sources i :
. aE\lmluaﬂon ' . . .

Language elemientsfrom several languages may be included on subsequent tests. If a computer is
" avallable for the languages used, successful runs may be used as evaluations.

Sample Activity




- Q. . | . Sample Course Plan

-

Coum title — Computer Science IlI (quarter)

-

‘ Coum description .
This course is designed to- providestuden&wﬂhexposure%&vaﬂeuscomputer languages, ad-
vanced _programming expertise and experience in applying computers to assist in problem solving.
_ Course objectives
_The student will
1. state the names of several computer languages and the general dlffetenees among them'.
2.  describe the nature of storage files and illustrate the*use of files by ﬂo&ch’ért or program.
.3.  compute in bases 2, 8, 16 and convert among bases 2, 8, 10 and 16.
4
5

? N . .

4, ~

4

®

give a brief description of an operating system and its function.

give a brief synopsis of the current state ~of the art regardlng peripherals such as magnetic
disks magnetic tapes and printers.

6. write a program to solve an assigned problem and assure that the program’s logic is accurate
and well-documented.

N .

Course content . o
‘ . Comparison of high-level computer language . s

. Introduction to machlne-level programmlng ' . ‘ -
. lntroducﬁon to mlcroprocessors \ ’
Binary, actual, hexadecimal arithmetic ‘\ _ -
) Computer graphics . ' : . ’

Computer peripherals .
Computer operating system program

‘ Introduction to computer file structures . . ' _ et =~
. Software systems analysis : . . - —

' Anphqaﬂons p.rogram'mlng . \ e

. Instructional activities '
(The following activities and many others may be developed at the local level.) )
o * Wortk selected activities in a suitable textbook ’
* Arranging for a demonstration (or extended loan use) of a microcomputer with graphlcs
capability . -
L Arranging for a visiting speaker on-printers (types, costs, how they are lnterfaced with com-
- ‘ puters) (other peripherals such as magnetic tape drives are also appropriate)

i . -Assigning a class project in which different individuals or groups must produce subroutines
‘ ~ . programmed to fit lnto a larger main program, this activlty Is an introduction to systems pro-

~
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3 . gramming (See Sample Activity A Calculator Mode for the Computer — Computer Sclence ~ ‘ .
. Com) :
-
- . Programming a system for use at the school, such as handling yearbook monies or .
l( . S . automating the library’s overdue book reminders , o
[ * b : ) o
| g Evaluation . . , .
. .
‘E ' . . Teacher-constructed fests T
H . . ” N
’- . 9Successful runs of programs on a computer . ~
| Successful operation of a computer (when available) from' start up to shutdown
' , ) ?
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@ 1 o Computer Science IH
’ _ Sample Activity

< - . - .

Kcﬂvlty title — A Calculator Mode for the Computer . o7 ) . . ¥
. _Activity objective ¢ A ) ) )
The student will identify and describe subroutines. ' ok o A
. - . g | . oy / )
oY "1 week . . ’ . o oL - "
.y ' S h - ’ Y
« Method ¢ ‘
On the Jirst ddy, assign each stuléit {or grou'b) a portion of a calculator mdde for a cofnputer, .
v _such as square yoot, y"f factorial, ordinary arithmetic operations, triggnometric functions and .

-logarithms. Also assign line number ranges for each subroutine to -assure' meshing of all program
parts. During:the first three days present class lecture/discussions in which the main body of a
calculator mode is programmed — accepting input from the terminal; progessing that input to
decide which subroutine will be useful, printing of the answer when tt is returned frqg the
subroutine. \ - . . ’ .

]

During the fourth and fifth days, spend some time helping étudent§, over the rough spots in their
programming. Throughout the exercise, stress documentation techniques — both within the pro-
se .. gram itself and external to the program in paragraph narmratives submitted by the student.

. ‘ " Nete — Your computer may already l{ave_a\calculator mode; however, this activity is a produc-

tive exercise. . & .
. ‘ Materials ) )
d . Cpmputér, hand-held calculator ’\
Evaluation ~ .
Systematic testing of the various subroutines will provide evaluation.
* A /i * =
. ’ ” ‘ .
: . ’
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Sample Course Plan @

" Course title — Elemeéntary Algebra {year)

(This plan may be partitioned into segments for semester or quarterly organization of
courses.)

Coutuducrlpﬂotr )

\
This course is designed to introduce the student to the arithmeﬂc “of polynomlals solutions of
. ©- various forms of equations, techniques of graphing on the line and in the plane, properties of ra-
tional and irrational numbers and applications of algebra to problem situations.

Course objectives ‘ . / ' ) s |
‘The student will
1. classify the real numbers info subsets such as natural whole, lnte{;éré, rational and lrraﬂot;l.

2. correctly'remove symbols of grouping 4rom an expression containing numbers variables or a
s mixture of both and containing a mlxture of operations.

-3 determine the correct order of OperaﬁOnS\to be applled in an expression havlﬂg no symbols

of grouping.
4. add, subtract, multiply and divide monomials and apply laws of exponents'with integers.
~ 5. substitute and evaluate variable expressions. N
., 6 "4nans§te£mblem situation into mathemati€al symbols and translate mathematical éxpressléns ‘
’ - into words.

L]

7. state and lﬂustral( the axioms of the real number system.

8. identfy and apply the followlng properues closure, commutative, assoclaﬂve, dlstribuﬂve, ,
s identity and invetse. .

9. add and subtract combinations of signed numbers and signed varlable expressions.
'10.  multiply and divide corpblnaﬂons of signed numbers and signed variable expressions.

«‘11. raise signed numbers to powers. - . “
12. substitute and evaluate variable expressions involving absolute value. "
13. identify and ai)ply properties of equality or inequality. \
14. solvelinear equaﬂo;ls wlth one variable and ?vlth more than dne *ariable‘. . - -
15. solve linear equations with decimal fractions or coefficients. i
16. use a common denomlnator to change an equaﬁon with common fractiOns as coefflclents to

’ .an equation with integral coefficients. . 2o

' yi-Z: solve linear inequalities. - T e i

* 18. graph solutions of linear ineqiralities. . A/
79. break down a cOmpostte whole number (of reasonable size). . // E
’ * find the product of a monomial ar_xd a polynomial. . /

<

+21. factor a composite polynomial into a product of a monomial and polypomial.._ ) .
find the product of two binomlals. < -




-

factor a composite trinomial into the product of two binomials. -

factorby inspection cerain special cases such as the difference of two squares or
ference of ;w\cubes

25. construct a gri ph of a linear function froni a table or ordered pairs
2. \io

27. cohstruct a graph of a linear function using slope and y-intercept .
i S

determipe the pe and y-intercept 6 avlinear equation.

28.‘ transform linear equations into slbpe -intercept form.
29. determin“e a point of” intersectioﬁ for two linear functi ns by graphing

30: determine a point of intersection (simultanepus soluti0n) for two linear functions by lﬂng

equations. ' . . .

¢
31. compute approximations to irrational numbers with and without the aid of a calculator or
computer. N .

“

.)

distfhguish befween ratidnal numbers and Mational numbers using deﬁnitions based on frac-
tions ?nd dgcimal values< i -+

perform arithmeﬁc operations on radical fdlms wi like and unlike indexes.
change a fraction with aJa‘dical form in the denomi tor :
solve equations of the form K - x" for fixed k and integer n.

¢

apply rules of exponent maftpulation using numbe wbole numbers exponents
apply rules of exponent manipulation using numbers With nqgative eXponents
38. apply content to real WOrld problenis,throughr)ut the %:ourse 4 ’

°

? Course content

' Symbols of grouping _
Order of operations
The arithmetic of polynomials | ’ ’
.Evaluation of variable expressions by substitutions

'. Translation of ~\?katiable expresslggrﬁy substitutions
LN uns - variables .
2. ferbs - operatiéns and relational symbols
3.\ entences - equations .
ormal propesties of the real number system
Signed nuniber operations with variable expressions
The absolute value function -

Solving linear equations .

1

Solving linear inequalities and graph(solutions
Factorization of composite Whole numbers ' ’

Mt;ltipli‘eation of polynomials using'thé distributive property
1. Product of a monomial and a polynomial .
2, Product of iwo binomials e




Factoﬂnﬁbn ef polynomlals

.1. Common monomial factors ln all te )
2. Préduycts of binomials .
3. Special cases - . )
lrraﬁonalmumbgrs ) .

’ - > . . 4 N

o Linear equations with two variables . ,
1. Graphs . . C e i : B
. -2. Finding lntercepts ‘. ' : " .
‘ 3. Slope N .o ) \
4. Slope—intercepﬂorm .
-. 5. Simultarieous solution of, two linear equations
. 2 graphing S R -2 o o
. . b computation - MR SR v

Linear inequalities .t .

_ Numbers with square root radfcaIs ~ A s .
-, . 1. Finding equivalent forms - . 2. -

) 2. Arithmetic ‘operations ) ) . T :
3. Rationalizing denominators o - — ) \
4. Slmple=equations

Radicals and polynomials

\ Rules for exponents ~ * - . 1
1. Whole number exponents . L
2. Negative exponents ’ .

. Quadratic equations .
f}( i Algébtaicfracﬁons ) _ - o 1 .
7. Equations with aldebraic fractions. - oo - NS
Applicaﬁons in problem sitiations - = .+, © .. . PR
(The \followlng acﬁviﬁa and’ many others may be developed at the local Ievel )
- QGeneral classzoom presentaﬁons'and dlscussions ',% L Co
" * Individual asignments L i .
| Workinig In small groups - . ‘. ' |
~+ Peertutoring or one-td-one help’duxing class sesslc;ns PR R
CQntracﬂng and other forms of self-pi«;ed lnstrucﬁon for accelerated \ ’
\Awigpﬂottocourse and‘prescrlb{ng instm@on ‘ AR

. Simulaﬂon exercises such as factoting\bm 1See Sample Acﬁvﬂy Factorlng Bée Elemém
. *tary Algebra)” - *

Muhﬂmdllbmy * > y " . ’ P o A . ‘.\
_‘mﬂmchlngtopksegblogmphicalsketchn‘ '

‘ PR .1 ' S P { ) ‘
S o 173- A -’
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Elementary Algebra
Sample Activity

3
Activity ﬁﬂe - FaétéﬂngBee

Activity objective
The student will translate an algebraic expression into a 9roduct of its factors. ,

a e
-

>, .

Time )
., One or two class periods may.be scheduled for this activity.

v . .
-

. lelak - |
Gbalk and chalkboard or other scorekeeping devices
. Timing devlce . . .

[ ] - .

. Method . : o ‘ .
Partition the class into two teams, roughly equivalent in ability.

: lsk each ‘student to rhake up a factoring ;;roblem (and the answer).
Take turns as follows: - - ) L

Player 1'on team A gives a question to player 1 on team B. If player 1 B gets it right, .
_team.B scores 1 poipt. If player 1-B gets the problem wrong, team A can sgore 3 point |,
o, if player 2-A can successfully answer the question. After this pattem splay continues._
®» - PlayerlBaskslA thenylayerZ-AasksZB : . .

AN

o

»

Strengths and weakness will surface in the contest itﬁelf usual!y Hence the activity itself sg;v% as
- an. evaluauOn .




.‘(,

Elementary Algebra
’/.‘Q'oblem for Students

“A Student Approach to a Rowing Probtem

The problem is, “John rows up the river‘at 6 mph and down the river at 8 mph. What w would ]
thn’s rate be in still water and what is the Yate of the current of the river?” A student says, “To
solve this, I add 6 mph and 8 mph and dis by 2. To ﬂx}d the rate of the current, | subtract 7
- from 8 or else subtract 6 from 7. They give the same answer.” Is the student correot? .

@

Solution

Yes, the student is correct. Solving this problem using a standard method, one gets ‘the follow-
ing.- | . ? -
X = rate of boat in still water
t = rate of current

X+r=8

X—-1=6 )
2x = 14
x =7

=]
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= o . Sample C’oursé_Plan.

-

) . - : ; ,
Coum title — Iritermediate Algebra (year) . . : ’

(Thls plan may be partitioned into segments for semester or Quarter orgamzatlon of courses)

~ « -

g Coursedescrlption . [ U ,‘

.

> &

'-lnstructional objectives ° . w o

¢ e el

Algebra is designed to include topics from the algebra of real numbers, the algebra of the_ plane

trlgonometry, and enrichment topics that develop the student’s overall mathematical maturity ?

Thse student-will N S “ . S,

S 1 manlpulate exponenﬁal forms of numbers, 1nclud1ng fractional exponents.

2. convert an equation of the form. y = b to a logarithm equivalent form, l% y = x and vice
versa. - . . “
compute products, quotients and powers using the rules of logarithms in base 10.
solve equations that involve exponents and logarithms.

sketch the graph of a glven member of the family of curves y = be for b> 0

use a hand-held calculator to compute x*, log x and 1nx.

3
4
5
6: sketch the ‘graph of a glve_n member of y = log,x forb > 0 and x> 0.
; .
8. give an explanation of why log,l = Oforanyb # 0.

9

write equations for lines given various combinations of required information (such as slope,

_ pointson the line). ‘e, )
10: define a parabola. e . .
11 (glve'standard form for a given .quadratic function. ) ) : -—

* 12, plot‘a graph of a parabola ‘both with axis parﬁlel to the y-axis' and parallel to the x- axis, w1th
vertex either on or off of the origin. -

ﬁ ﬁnd the directrix and focus for a given quadratic function.
14. 4plot a graph of a circle with center eithet on the origin or off ' o

J

15. write the equation of a clrcle when given sufficient lnformaﬁon

16. ﬁn; the center and radius of & circle when given the general equation x* + ax + y* + by
-8 .
(17, sketch a hyperbola and its asymptotes - o . R C .. .
. . [

18. sketch haif planes when glven llnear lnequaliﬁes . ,

* -

19. _determine planar regions/whlch are graphs of lnequalltxes, for example, y <x? ¥ 4x' + 4

. 20. detetmlne planar fegions whlch‘ are interiors or exterlors of circles, for\example, x*- £ y?

4. ¢ . - . : » .
21 find reglons in the planeihat.saﬁsfy a system: of lnequallﬁes and equaﬁons -
22 flnd a feaslblllty region for systems of lnequaﬁﬁes and equaﬁons that model a problem sitya- .
. tlon . » [ <
E~ R b .

, .
. R . " > - , P
N . . . 189 . s . . :
¢ .
. .
7 -

>
»
) o B




S 32,

”find th

31. find complex roots of a quadratic function whose &aph misses the x-axis. ’

€ 9

.,-. ¥ = <,

find zeros or roots of polynom gxaphing for linear functions and.quadratic functionswf
one variable. . . R ‘

. 3 v L S
Lod - I..
L

find roots of polynomials by factoring « T, . ¥
perform division of polynomials by long divislgn and by synthetic diviston.

solve quadratic equations by factonng, completing the square and using the quadratic for-
mula.

derive the quadratic formula.

- graph solutions to quadratic equations. .

apply %theory of quadratic equations to problems‘of motion and maximization.
quation of the parabola passing through three given points when appropriate.

v

decide for 2 given quadratic function whether it misses, touches or crosses the x-axis. . :

e e ————

"~ 34. perform addition, subtraction, muitiplication and dmsion on‘complex numbers. . .
. 35. graphi, &, i, i , ~ - ‘ PR
?36 solve systems of 2 or 3 linear equations by algebraic m'anipulations : ~
37." solde systems of 2 or 3 linear equations by use of deterrninants and: Cramers Rule.
38. use properties of determinant to simplify determinant computations.
39. zolve systems of linear and guadratic functions. "
. 40. solve systems of lines and ctrcles. ' Lo
41. use common trigonomettic functions with both angular' and'radian_measure, ‘
N C 42 compute domain and range values of the wrapp'ing' function.* - .
43.° graph variations of sine, cosine arid tangent functions with different values of frequency,
" amplitude and period where appropriate. .o :
="44.  describe appropnate physical situations with trigonometric functions . 4T e
- 245, 'determine if ansequatjon involvxng trigonometric functions Is an identity l "
°46. plot inversos of trigonometric functions with apprbpriate domain restnctions . T
3 ‘ * o ‘E . y
-)'ur . ek °, . R T , . . b < — \
o : . i; RS B
Course content e i ' S SN P
" Rules of exponentsor fractional exponénts 3 £
-« * Iy
. Logarithnfs in basé 1 . ? 2 .
Analyﬁc geometry ' N .‘* a e 353
° '1 Unes M . . - -
2. Parabolas e ey ¢
3. Circles, - . LN o .
4. Hypérbolas, * : ‘ 1‘8"1 C AR
. B N * ’ Pt & .. i«
¢ .l ¥ ' = ‘; ,’?{—"% )
. T-79 .. Yoo AT . )
- L * » - ’y )3 .
C . ‘ . . - Bt
- . ., - - F s £ -

convert complex numbers from one form to another among the forms (a b),.a + bi.and{i-
v-b2. . .

.
oyt ht A

ravy




Inequalities in the plane N

1. Half-planes

2. Inequality regions X A

3. Interiors-qof circles -

4. lqtrodt::ﬁ}r&hear programming

Roots of polynomials

1. Factoring .

2..Synthetic division . —

3. Quadratic efuations . e
4. Complex numbers ' .

Systems of equations R .
. * 1. Linear systems : *
. " 2. Determinants and Cramer’s Rule
3. Systems of lines and parabolas
4, Systems of lines and circles

Circular functions -0 ‘
1. Definitions of trigonometric functions __ . e
2. Angular measure and.radian measure ° ) s '
3. The.wrapping function =~ . « '
4. Graphiiig techniques - frequency, amplitude, period
- 5. Trigonometric identities -
6. Inverse trigonometric functions - : T
Instructional activities . i
' ) The following activities and many others may be developed at the local level.
Having general classroom presentations and discussions
. ; ® Working small groups /7 >
' "Peer tutoring or oneoto~one ‘help® £ v
fontracﬂng and other forms of self-paced instruction for accelerated students .

s N :
Assessing prior to course and prescribing lnstmction ;
*@Uslng mukitext llbrary . . v
v Ruearchlﬂf ‘topics, e.g.; computer applications, modellng (See Sample Acﬂvity Applioaﬁons )
- of Pdrab‘qu Intermed!ate Aigebra ) : “.
Evaluation X - .' -
. - ’ . .
\' Frequerit short progress checks ".
o O CUnittests L . . : .
< - Homework checks ] e e LT 71"
s T e’ e L '
e R a 4
e\.‘- . ! ' . N v oL o
kS ‘. \ . ‘ - .. . -
RERIN S
! N N '..j ‘—9
- . - ‘ N / - IS
B - . - ' ‘ - » o /
i : ) ? " .
T S : T:So.‘”"' . Q {
a ' . . L
L2 o & 4 ‘ :}' " ' - i) v i « /
“.\ 5 - - Ry e . L - . L]
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L N ' -Sample-Actjvity

S . ’ & o
Course title — Applications of Parabolas . ‘ . ’
Activity objective ‘ v S , e
. The stu&ér_xt will identify, site and describe applications of parabolas. ~ ‘e
Time, . |

One to two weeks may be allowed for résearch papers and two or three days for class presenta-
tion.. . | T, . ‘ )

M . | l s \ . s \ -
Assign research topics on applications of parabqlas, such as headlight reflectors, flash reflectors,
telescope reflectors, radar antennas, microphones, projectile motion.

.o .. R 7] M v N . . !
Materials 7 R >
"Print and nonprint mat or research. ; s
.Evaluation * T

; -
Questions about-thése reports may be included on subsequent reports.

' |
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- . L L lntermediate Algebra .
e - - : Problem for Students
B g o Antifreeze Problem ¢

- bt I "A21- quart-capacity car radiator is filled, with an 18 percent alcohol solution. How many quarts
' must be drained and then replaced by a 90 percent alcohol solution for the resulting solution to
B

ntain 42 percent alcohoP . .

ution

~ + One quart of the old solution differs from one quart of the new {or average) solution by ~24

- " o peﬁtm, while one quart of the solution to be added differs from the new solution by +48 per-
cent. Hence, there must be two quarts of the old solution for each quart of the added solution. So

Yaof the original, radiator content or,7 quarts must be drained.
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Sample Course Plan .
% , ‘ i .
‘Course title ~Algebra of Matrices (quarter) ' ’ ) .
¢ . a . Nl -

. Course description *

°

This course is designed as a supplementary course for enrichment beyohd the usual course in the
algebra of real numbers. Matrices provide an algebraic structure with properties different from real
number properties. The course includes operations with matrices and applications of matrices in

the algebra of real numbers. . ‘ -, o - B B
. ) ? N "
Course objectives ‘ )
st . 3 r
The student will )

‘o ‘
1. state the definition of a matrix. - .
2. state the order of afgiven matrix.
3. give an example of & matrix with a stated order. - ‘

add two matrices which are compatible. T °

Ao

find the product of a scalar number‘amd -a matrix. '
LI * - L T

6. determine if two matrices age compatible fp_r hulﬁgliwﬂdn. ‘ Lt
7. multiply two matrices which are comipatible; . SR N
N 8. hst and illustrate the vafiou algebraic properties of matrices. .
T ‘ ) 9. . give the additive inverse for ; matrix. 8 ¢ ° : ) l
\ 10. give the multiplicafive inverse for'a matrix, when appropriate. . ' f .. ’ .
11. ‘determlné the transpose of a given matri.x. } . co " .
12, find determinants for 2 x 2 and 3 X 3 'n_1atrice9. ) T . .

13. " find the product of a nIattix and a calumn vector of variables aid make application to a set
of linear equations. Se ' : .

14, app"l'y Cramer’s Rule tog;lye s'ystems;of linear equations in the 2x2and3 x\’i cases.’

-, . . . .

e » L

‘ Course content -, - ) . oL . {
Definition and examples of matrices . - . " ’ : 1(

Addition of matrices : ] . e
Multiplication of a matrix by a.scalar number © e \ o
. Mulﬂplicqtion of two matrices T . ' WA

Alfgefgraic properties of matrlées‘ : : .
* _ Additive and-mul?plicaﬂve identities ' . L ’
Additive and mulﬁpllcative.fﬁ;ersés S : . v ) ﬂ
" Transpose of.a matrix © « ) '
Determinants of matrices.
' S 188 =
Matrices and linear equations |, . ’
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Cramer’s Rale = v ¢
" Powers.of matrices - ve . ' ‘
\ ) - N N * ¢ - ‘
lnotnloﬁonal ‘activities . .
The following activities and many others may be developed at the local level. .
Having general class presentations and discussions ' ¢ |
-~ Woiklng in groﬁps and as individuals. (See San’ple Activity Matrices-and Network Thebry — !
" Algebm ) - . |
) Researching mathemaﬁcal topics including app\c‘attons l
Peer tutoring . < : . L |
. |
Wiriting 'step-by-step algorithms for M calculations* . |
Writing computer prOQrams‘that incorporate matrices. =~ . oot . A - :
g .. vy . . o
: Evaluation . , ,\ e s
Fteguent progress checks throughout this course . . , ‘ i
. *Unit tests throughout the course =~ — ~ ¥ °~ e e i
". — -Evaluation of presentation of research reports ... — .- — ____
. Compleﬁon of homework assignments may be monitored as,a means of checking ongoing- |
progress . . . ‘ - |
" rd ' . . ' , - . .
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s . ¥’ .
. " 3 c R - .
. . .:,':l . - — . 3 \
. ) o ) 1‘ s
< - . - . % ’
. T o )

v
S

'

coo18yL - e S

. —
’
/\\. .
T-84

. o
|
. - |

’ . L y

. . . N .

- < v ‘ '
“ h o

<8 el B - . . :




.
-
-

N T .+ Algebra of Matrices .
o R T " Sample Activity

M

N

Activity title = Matrices and Network Theory’ ' T
* ) ' : . ‘
Activity objective  ~ ° S ' L .

. The student will créate matrices and petworks for situations presented. Co T .

. * » <

. . n \ .- \ . . \/ . ¢
. Two or three-class periods may bg schedyled for this activity. " . . -
- . N R .. . »

Mctho'd l ’ N ' T~ vt

: C ) L t\. N o } s ' . ) .y
. _. The teacher should give a)r@.intrdducﬂon to transportation networks via.lectyre/discussion or LA
other suitable technique. MMlustrations should include construction of adjacency matrices. For a net-+ . _ -

I work of n points p;, pa, . . . Pa, cOnstruct a square n X n matrix M defined by M,, = 1#point - _ )
B is adjacent to point A and M,, = 0 otherwise. Leave an unsolved problem or two for ¢ = ° :
homework: Let students present their solutions-during the next day or two and pose problems of *
their own. N ‘ . . . e \’- A
EE—— .- P ; > L ‘ . ) N ’ E] )
Materals , . -~~~ . - L - 2
Charts with networks and associated adjacency matrix _ . T ' !
. . . \, : hd N . ) { °- 5 . . '~ « R N
e R A B C D ET - .
L Ao 1 0 0 o -
" iy B[00 0.1 o
v ) Cc.l0 0-0 0 0 .
L \ pfo-o o o 1’ -
L EI1T o0°0 o0 -
' . dmetwork . . :  adjacency-matrix ) .
PR P K . . .
N A%, i ,- 4’ vl J e Y & v ' .o T - # ! 3 - ER

- . Evaluation - _ A _ o R & ’
) : On subsequent tests, students may be asked to pro%ide ;djacency matrices for given networks.
o Also, students may be asked to create both netws and matrices. " . ° R k

¢ 8 ‘.,

»

o ) L ‘o

)




'* Coune descﬂption ' ‘

Sample Course Plan "

~

Coun; title — Probab_lllt;t and Statistit:s {quarter) .

This course Is designed td provide an introduction to descriptwe and inferential statistics.«The
course includés measures of central tendency, dispersion and correlation for bivariate data, .

3

v Elementa;y probability is used to explain binomial and nofmal probablllty distributions.

°

‘Course objectives i : v
. The student wil ' < R
1. construct commgqn graphical data displays — dot array, scatter dla‘g‘ram, Ahlstogiam'.
2. compute mean, median, mf)de, range, percentiles, standard ddvlations and other common
descriptive statistics for univariate data. , s .

compute a correlation coefficient for a set of bivariate data.

distinguish between positive and negative correlation.

apply a linear regression equation in a practical settin';g* i ¢ . FY

3

4

5. distinguish between correlation and cause and effect.
. .

7. -compute compound probablllties for simple cases when events are independent
8

interpret a histogram for a discrete probability distribution in which area is equated with pro-

bability. . C e e l . .
9. read and interpret a table of blnomlal probablllties ¢ : :
10. -<alculate simple banmlal probabilities. oty ‘ s £
. 11. “compute a standardized z-score for a normal distribution. i
12. read and interpret a table of normal probabilities. >
- 13. distinguish between problem sltuations which require binomial probability models and those
which require normal models ,
14. distinguish between descrlptive and lnferentiarl statistics. Co ’ ,
15.¢ make slrnple inferences based on probablllties assoclated with blnomlal or normal d{stribu-
tions. - v, X \ K
16. disﬂngulsh between Bimple anct a ponulaﬂon L ' .
Counecontent oL, . ‘ Lt AN
Basfc termlnology e ) . o
. Measures of central tendency e . ‘ ) o ;
Measures of dtspersions ) o i ) . [ )
Measures of rank . - y : ’ Ce T -
Techniques of §amp'llng SRR C13F 'L/,‘ ) o \o
)  Graphical displays of data - ” - e n# ‘
Correlation S . : : ' -
X AN ¢ a




« . + < Linearregression ™~ * -,

. ll;strncﬂoh:il acﬁvities
(The followlng activities and many others may be d>eveloped at the local Ievel )
{‘gmg lecmre/dlscussiop (See Sample Activity Probability and Genetics — ProbabIIIty )

~ .

Working on group vprbjects -

Elementary probability S \
Discrete ptobability distrlbtmons

Binomial proba.bility distributions

Normal probability distributions -*

Statistical inference

v

Having experiments in class '
1. ESP experiments . :
2. Product preference tests .
3. Probability experiments

)
.

Researching mathematical topics including applications

Studying coﬂecﬁons of media use of statistics
Wﬁng guest speakers T

Evaluaﬁon ’ « .

.
-

N\

+

Periodic teacher-made tests for most conteni .

Evaluating group and ihdividual Pprojects

Tournaments mvolving teams or individuals by using questions pr&sented on overhead pro-

jector displays, soﬁhat graphs may be used.

%
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' “Probability @
Sample Activity

-

Sample activity — Pi‘i)bability and Genetics *

Activity objective ) ‘
The student :vill apply probability to problem situations in genetics.

Time N

¢ Py

"One to three days may be scheduled for this activity.

Method . ~

.Armange to su;afa class assignments with a biology teacher so the biology teacher can instruct your
probability class in introductory. genetics. According to the level of your class, discussion may be
restricted to the (P + 'Q)? case or extenrded to higher levels of the binomial expansion. .

[
. -

Materials
Supplemer;tary textual material |

Evaluation - ‘ .

Problem assi‘gnments may be made at the time of instruction, or questions about the matetial may *
be inclyded on subsequent tests. ;. .o '

~
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Sample Course —P'Pén‘ |

~ T ] -~
-

Course title — Introductory Analysis (year) .
. , .

-

Course description

This course is designed to expose the advanced student to a broad range of mathematical topics .,
at a level which allows preparation for careers and enrollment#n college programs which require
‘mathematical maturity. Included are topics™rom real and complex analysis, set theory, logic,

- algebra, analytic geometry and trigonometry.

\

3

Course objectives /-

The student will . ( S .

1. identify characteristics of subsets of compl{ex 'numbers in relation to such properties as
closure, order, density and completeness. \

exhibit a knowledge of the definltion, 'notahdn and pictorial representations of set theoretic
concepts. : .- ) )

construct and analyze proofs in set theory.\

-

4

determine the following, given a rule for ,ar{ operation and a set on which the operation is
defined. _ <o '
an operational table oo
identity and inverse elements ‘
. the existence of closure - x

existence of properties such as commutative, associative, and distributive,-

¢

apply definitioris to check for algebraic constructs suchras group, field and finite geometrics
— given an operational table, set of numbers or sets of points. X

6. . compute limits of sequences. f : :

L4

i

write a given finite series in a sigma rﬁtaﬁon,iénd write the finite series given a sigma nota-
tion. - et

determine convergence or divergence for infinite series using common tests and compute in-
finite sums where appropriate. ‘ X

use mathematical induction in proving theorems. - 5
use definitions or divisibility, and apply the Fundamental Theorem of Arithmetic in préving

theorems. -

identify and/or define

' relation,
domain, .
range,
function,
equivalence relations,
composition of function,
inverse function. N

12. identify and/or define the following functions.
. - identity . i
constant ' : ‘
' absolute value

»




~ \ <

greatest integer’ gix),'fx < a
piece-wise defined; e.g., F(x) = u(x),asx < b
- . vix), if x < b.

13. describe a mapping Such that
the mapping is-a function without an inverse,
. the mapping is a function with an inverse.

14. determine the following for a mapping or mappings . .
the image of a given domain value, . ; .
. , . the prelh)age of a given range value, )
) the inverse of the mapping~«  * g {
the composités of the mappings.

' 15. solve and graph . ) ‘
L ) linear and quadratic equatigns, . * e
‘ § linear and quadratic inequalities,
N absolute values (equallties and inequalities) . . N

. 16.- apply the’ " concepts of relations and functions Yo the following. . - .o
| ' inverse and difect variation, . V.
’ ¢ vertical lipe test for f and horizontal line test for f' -

- 17. discuss given functions in terms of i

symmetry maximum .

continuity . / . .minimdm ’
4 I . . . k
| asymptotes .. boundedness
- slope ) ) I ultimate direction

. rates of change . © . exclusions from the domain
N .

bl intercepts ' . intervals in which zeroes occur.

- /describe geometric transformations in terms of functions. ‘A
s . . ldentjfy some relations in a Cartesian -product & x A as partitions of A.
A 20. transform lnto standard form and sketch the graphs of \l}uatlons of conics.
"l ) - 21. derive an equation’ given its roots or derive a functlon-gwen points of its graph

22. find the points of intersection of conics with straight hnes and conics with conics such as
» . straight lines and parabolas, , - R
) . straight lines and circles, Y \
- L -~ , two parabolas, ‘ '
I . two circles, .
v parabolas and clrcles . ‘ .

23. state and use the following theorems . .
. " Rational Zeroes Theorem, . ) B
[ . Factor Theorem, ’ ’
. . Remainder Theorem,
Fundamental TFheorem of Algebra - N

- e 24. demonstrate the relatidnship between exponentlal (base 10 a'nd e) and logarithmic functions
T ' through . .
? - defining, - _ .
. translating their equations, !
3‘ . - graphing. . . \
: " 25. use laws of Iogarithms to solve equations. L oo

t ) o. l‘ 3_. ~' ] ‘ 195 | A \\
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. 5. define trigonometric definitions, identities and*laws to problem solving-situations.
)
27

apply the Binomial Theorem to appropriate situations. '
28. performtbasic ope}aﬁans with vectors and a?piy these to problem situations.

29. poejorm basic computations involving complex numbers; solve equations having complex
. -ko0ts and graph complex numbers. . ' . '

30. solve and graph equations written in polar form.
31. construct indirect prfodf.' o , .

32. determine equivalence between sentences involving conjunctions, disjunctions, negations and
conditionals. ‘ .

33. determine the truth tables for sentences involving the connectives of conjunctions, disjunc-
tions, negations, conditional, biconditional and combinations thereof.

v

use Venn Diagrams to illustrate the relationships represented by the truth tables of the
*preceding objective above.

35. represent sentences in symbolic form and use the tools of truth tables and symbolic logic in
assessing equivalence and validity. \ ®

\ .
Course content !

Sets and symbolic logic
*” Sets . .
*® Union and intersection
¢ .Subsets®
® Truth tables
® Methods of proof
. * Validity of arguments

 Sequences arrd series
* Finite sequences and series
* Limits <
. * Infinite sequenges &nd series
® Writing series (sigta notatign)
® Mathematical induction

Ordered fields
* Field properties
Direct proof
Indirect proof
Groups =~ .
Rings .
Ordered properti

-

Algebra of vectors
¢ -Number pairs and geometry
* Algebra of number pairs
® Parallel and perpendicular vectors
* Application of vectors

Analytic geometry-
* Using numbers to describe points
* Algebraic ptoperties of lines -
' * Quadratic equations and their graphs \

L]




o Intersectionof graphs
¢ Conic sections and their applications o

Functions - | ' P
® Relations , :
Linear relation s
Functions
The arithmetic of functions
Polynontial functions
The arithmetic of polynomials
The factor theorem .
. Rational roots .
. Descartes Rule — Bounds " .. .
.. . Irrational roots of polynomials

® 9 6 o o o o o o

. . The field of complex numbers
' ¢ Defining and representing complex numbers
'u T d Addition of complex numbers’

A : Multiplication of complex numbers
Fundamental theorem of algebra
) Relationships among roots and coefficients
~ / ' Polynomials with real coefficients .
Graphs.of polynomial functions

o Curve sketching

e \ Limits of a function . &
5\ .- * Continuity .
. ¢ Tangents to a curve ‘
) ® _Derivatives of polynomials
. d ¢ Using derivatives in graphing
* Applications of maxima and minima .,

-
® o o o o

‘ . ) .Exponential ahd logarithmic functions *
’ . *- Exponential functions with ratipnal exponents
/\ o Exponential functions with real exponents
+ ¢ The exponential function (x y) : ( -
.® Linear interpolation
™ »e Composition of functions . -
. ® "Inverse of functions '
¢ 1 ogarithmic functions
¢ Additional theorems and application .o
* Tangents to the graph of a log, and.exp;

N Circular functions .
. . ¢ The unit circle . : .

. The sine and cosine functions . .
Graphlng the sine and cosiné functions .
Amplitutle and period :

The tangent and cotangent functions and their graphs
The secant and cdiecant‘funcﬁons and their graphs
Identities )

Angles and their measure .

The trigonometric functions,

~
=
2
5
t

l‘r

L4
_ Statements involving circular functions . . *
‘ “..© ¢ Sum difference and reduction formulas ,
L4 «

) -~ . .
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¢ Inverse values ' . ¢

* Inverse circular fifﬁctlons>

Solving triangles .

The right triangle . . N , «

Law of cosines ' )

Law of sines , ’ . @

Area of triangles a . . . .

Polar coordlnejes

Polar graphs \

Powers and roots of complex numbers W

w o ¢ . Complex numbers in polar form ,
* Multiplication of complex numbers
L DeMowre s Theorem

. & Double and half- angle identxtles . o

-

/
® o © 0o 0 o0-0

" Instructional activities .

{The following activities and rhany others may be developed at the local level.)
" Holding lecture/discussions c /

- -Having’group projects ) ' : o

Researchmg mathematical topics lncludmg appllcahons

/"™ Having oraL presentanons by students . N . t

~ Tn“\ﬁfﬁg guest spéakers- N _ ‘ T s

“ ‘ Uslng multitext library - .o Lt .-
. . . Using nonpr;'nt media ) — .
k3 ’

-

. +Using a resource fibrary/ IaBoratory g .
"Using, aopyogrammable° calculator or computer to assist in calculations

o~ Participating in math toumaments y : ¢
' Evaluaﬂns L .
Periodic teacher- made tests for content . -
' Evaluation of group and individual projects _ o .

s .0 s

Evaluation of levels above mere knowledge and comprehension through problem solving ex-
ercises irt homeWOrk and on tests . - )

Evaluation of oral presentations at the ﬁme of presentaﬁoq tor immedlate lmprovement' of
deductive’ reasoning skills

[y I3 1

' . A .
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Activity title — DeMorgan’s Laws

Activity objective

-

The student will verify DeMorgan’s Laws. .
i

Time

‘

One or two days may be scheduled

* Method

Use sample sets and dlagrams: to verify DeMorgan’s Laws for

>

¢

3

L

1

?oa this activity.

¢

A

Analysis

~, Sample Activity

AUB = ANB ..

and

ANB = AUB

. e
Compare these laws t0 their analogs in logic.

* .

~

& .

. Materials
Resource Texts ,

Evaluation

AMPVQ =APANQ ™

and

MPAQ = APVAQ -

s

sets
-
L

"

—————

’

«use “set equality” ar?;l:—r.nents to prove both laws.

-

e "

Questions and subsquent tests may require students to illustrate or apploy DeMorga;n's Laws.

k]
¢
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Introductory Analysis'
" Problem for Students

The Hula Hoop -

8
Consider a vertical girt whose waist is circular, not smooth, and temporarily at rest. Around the
waist rotates a hula hoop of twice its diameter. Show that after one revolution of the hoop, the
point originally in contact with the girl has traveled a distance equal to the perimeter of a square
circumscribing ‘the gitl's waist. . : tor

- - ,
Solition , o “ .

Sinf% motion is relativg,- consider the hoop as fixed and the girl whirling around. The original
point of contact on the girl traverses the diameter of the hoop twice, and this is the required
distance. , ~ " . . . ° . .

Y

!

‘ R ¢ . B ¢

., -

.
’

¢ AB=RO = (R/2) (2) = arc AC." < . g
: . .
) " 1 :
[N . ’ C- ' ) '
‘ ot s
: T95 - ‘ ,
2 ’ - ¢ a g

As the girl whirls, the original point of contact'C on her waist traverses the diameter BD since arc - o7




} .. Introductory Analysis
- : o - Problem for Students

The Lucky Prlsoners

A jaller, cartying out the terms of a partial amnesty, unlocked every cell in the p})On row. Next
he locked every second cell. Then he turned the key in every /third cell, lpcking those cells which
were open and opening those cells which were locked. He continued this way, on the nth trip, *
turning the key in every nth cell. Those prisoners whose cells eventually remained open were
allowed to go free. Who were the lucky ones? .

© ve
o gum———

Solution . .

The number of times T that the key was tufned in the qgth cell is equal to the numbex of divisors
. of q. Thus if q = pg! ps?. . . ps* where the.p’s are distinct primes, then t = (a, + 1) {a; + 1)
. {ax + 1). Now if any a, ls odd, T is even and the corresponding cell eventually remained
" ldckéd If all the a, are evep, q Is a square number, T is odd and the lucky occupants of the
square cells found their cells eventually remained open. o

- ; —_—
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10 id'ergtify and use the Fundamental Theorem of Calculus to evaluate definite integrals.

*

- - . Sample Course Plan

Course title —' Calculus {year) - e C

(This plan may be p;armion'ed into segments for semester ‘and quarter or§anh§ﬁon of courses.)

.

Course d'escripﬁon

This course includes a'brief review of algebra; analytic geometry; limits and ‘continuity; methods of .

differentiatjon and applications, exponential and logarithmic functions; methods of integration ang .

application}, sequences and series, mathematical \induction;)&/‘olumes of revolution; area in the

plane; work; arc length. : ) )
v

- < -
. . .

Course objectives
The student will . ‘ ‘ -
1. find solutions to equations and ihe’qualities, factor and deal with exponential expressions.

2. locate points on the rectangular coordinate system*and calculate the distance_ between two
points in a plane, the distance between a point and a line and find the. slope of a line. .

3. write the equation of a line using the point-slope, slope-intercept- and‘genergl forms. !

4 ideptify families of curves. ) . ,

5. evaluate limits and indicate whe:re a function is continuous and where it is discontinuous.

6. find derivatives psing _Ilmlts, power rule, product rule, quotient rule and chain rule. N

7 use derivative to solve for slope and to test for'maximum or minimum. ) i
8. determine the deriivative of exponential functions {e* and a*) and Iog'arithmlc functions {1nx);

identify 1nx and e* as inverse.

~9. .evaluate antiderivatives (lnteg;rals) by inspection (predicting the answer and ther checking by -
differentiation). ' ‘

I

11. use definite intégrals to evaluate areas in the plane. ) A

12. {ind antiderivatives by making eleinentary algebraic substitutions and using common functions
— polynomials, exponentials, logarithms, powers of functions.

13. use sigma JDotation when given a sum; evaluate sums ysing sigma notation.

-

14. ldentify}gec;metric sequences and find limits of sequences:

-

15. recognize and evaluate Riemann Sums by making partitions and summing areas of rec-
tangles. -

16. apply integrals-to problems involving area in the plane, volumes of revolution, Hocike's law
and work. . o

17.-

18. find derivatives for all trigonometric functions and common combinations; evaluate inverse -
trigonometric functions with the use of right triangles. . ’ ’ R

compute arc length, approximate areas in the plane using the, trapezoidal rule.

19. “compute derivatives of inverse trigonometric functions; use these derivatives in integration

problems. .
- . o

-. . 202' . -
»

f .
- COT97 : B -




20.

-

use tables of integration formulas. _

‘21 perform integration using the parts method, trigonometric substitution; integrate p(x)/q(x)
where p-and q are polynomials.

Course,content . - ,
Analytic geometry \ ' . .
Limits and continuity as applied to functions

. - .The derivative- . : .
. Formulas of differentiation ‘ oo

D erentiation using Ilmlts power rule, product rule, quotient rule and chain rule
Flndlng slope, maximum and, minimum .

N - .

The mtegral (antiderivative) sl
1. Definite integrals —_—

2. Applications '

3. Fundamental Theorem of Calculus- . |
4. Computation of areas in a plane

5. Tables of formulas

6. Integration by parts and trigonometric substitution

N OO 00 o

%lgma notation

. Riemann sums
. . ]

Trapezoidal rule ‘
Instructional activities .
The following activities'and many others may be developed at the Iocal level.

. Assigning problems ' . . - . .

N ' " Using flln} strips designed for a step-by-step approach to calculus Ct

. : Explaining graphs, diagrams and model problems in detail using an overhead projector
. Discussing weekly review sheéts distributed as an overview of materiai presented

Lecturing with question and discussion p‘e.riod& ' . .

S 3 .
Identifying practical uses of the.derivative, such as in maximum and minimum problems (See
Sample Activity Caleulus Applications in Physicgs,—, Calculus )

Discussing relationships between derivatives and antiderivatives
Discussing relationships, between rectangular, and polar coordinates

Sketchlng illustrations of problems involving areas in the plane and volumes of revolution
. Evaluation : .

Scheduled teacher-made tests for tnost content ‘areas

o
.

Evaluation of homework asslgnments at specific intervals to assess the progres§ of students

. : between tests . .
. »  Several pop quizzes between tests to determine whether or not students are keeping up with
. ’ material presented and homework assignments. *
A ) e -
L] . © 2 03 T-98 L ’ - R .
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. g S Calculus
. o .~ . Sample Activity

lictivitv title — Caléulus Applications in Physics o,

Activity objective - g

The student will épply the calculus to probiénrsltuations.-,

~

Time . ) . . E ‘
Two or three days may be scheduled for this activity. > . Trooe e
. Method . ' > te

The topic’ of parabdlas may be«applied to projectile motion, The maximum helght may be deter—
mined by techniques of differentiation and the force of gravity may be interpreted as acceleration
in order to derive equations of motion.

tr ~

am -32 -v= -32t+ v~ 5= +16t2 + vt +

Materials ’
Physics resource texts

Evaluation ) :

Calculus-based physlcs'questioné may be included on subsequept tests.
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") : lnstt@etionél Resources to Support the
‘ - Secondary S¢hool Mathematics Progra}m

» -

-

* Educational medja programs in Georgia public schools focus not only on the provision of in-
structional resources in all formats to support the cirriculum but also on the use of those resources
" in addressing teaching strategié¥ and learning activities to meet student needs in the most effective
’ way. A combination of resources including print and nonprint matetials, equipment essential for
" their use or production and programs, services and additional resources available through state,
) community and other educational agencies are necessary {or effective support of instructional pro-
grams. .

DY “

- Innovative teachers, media specialists, administrators, curriculum specialists, students, board
members and representatives of the community are, cooperatively evolving a medja concept that
access to information in all formats and provision of services in production of locally designed
learning*materials. They can ensure effective use of appropriate materials to foster growth of listen-
Ing, viewing, reading and inquiry skills. The Georgia Board of Education’s Instructional Media and
Equipment policy (IFA) requires that media committees composed of the groups mentioned above
be involved in selecting materials and establishing procedures for effective use. Mathematics
department chairpersons or content area representatives should contact their media specialists to

. become involved in or provide input into this planning process. ) Al
Ensuring access of teachers and students to information at time of need and preventing un-
necessary duplication of resources will ‘be accomplished when information about and location of all
-~ resources that support the mathematics program in a secondary school including sl.nglaﬂon '
games, models, handheld calculators are available through the school's media cente® In some
‘ . systems, an additional resource service designed to augment the building media program is pro-
vided at system level for all schools. A community resources file, developed cooperativel by

]

media and instructional staff, provides valuable information about local people, $laces; Ativitles -

and unique resources to ‘enhance the mathematics program.

Many, pr-ofesslonally brepared, commercially published reviewing sources which are available in
school media centers, system media collections, public and academic libraries are listed in

“Selected Sources of Information on Educational Media”, available from Media Field

Services, Division of Educational Media Services, Georgia Department of Education,

156 Trinity Avenue, S.W., Atlanta 30303. . .

» L0
Alds to Medla Selection for Students and Teachers, available from U.S. Department

of Health, Education and Welfare, Office of Education, Bureau of Elementary and
Secondary Education, Office of Libraries and Learrfing Resources, Washington, D.C.

N Reviews and bibliographies of recommended mathematics resources and innovative program
descriptions are published regularly in the journals and periodicals. The following titles are recom-
mended. . ‘;; - . ' :

4
f * "
] . - Arithmetic Teacher, National Council of Teac‘herg of Mathematics, monthly September- _
N April. ‘ L

ot L] . e
" Computing Teacher, The Oregon Council for Computer Education, six issues per year.
N i .

: . ~Creative Computing, Creative Computing Association, bimonthly.
- - * ,’

’ ©
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. N Mathematics Teacher, National Council of Teachers of Mathematics monthly Septem-
. . .- ber-May . . . . e

. . .
-t . .

SciencesBooks & Filmis, American Association for the Advancement of Science, quarterly.

School Stience and Mathematics, School Science and Mathematlcs Assoc1ation,
. - monthly OctoberJMay,

. The Georgia Bepartment of Edut:ation provides resources and services which are available to
teachers and students through their media center.
Education Media Servlces Divlsion, Georgia Department of Education Items 1 and 2, 1066
Sylvan Road; S:W., Atlanta 30310; Item 3, 1540 Stewart Avenue, S.W., Atlanta 30310.
;
1. Georgia Tapes for Teachmg Catalog of Classroom Teaching Tapes for Georgia Schools
(and supplements). Arranged by subject, this catalog lists the titles'of audio tapes which on*
+ " request will be duplicated. Recommended listening audiences are indicatéd. A one-time
. school registration is required. The requesting media center must provide the blank reel-to-
reel or cassette fape; return postage is provided by the Georgia Department of Educatlon
2 Catalog of Classroom Teaching Films for Georgia Schools (and supplements). The 16mm
) films listed'and annotated are arranged by titles but indexed by subjects; recommended view-
’ e ing audiences are indicated. Registration (annual beginning in September or semiannual
~ beginning in January) tequires a minishal fee; each registration provides a specified weekly
i+ film quota, but multiple registrations are accepted. Many films are broadcast over the
‘ Georgia Educational Jelevision Network and some may be duplicated on vidgotapes for later
. . use. Information about this service* and the broadcast schedule is provided annudlly to the
N L system media contact person. . )

3. Insfructional Television Schedule. Copies of the Sohedule with series descriptions and
broadcast times are available on request from your system redia contact person, who also

. - coordinates orders for heeded teacher manuals. Although.recommended viewing audiences
' , are indicated, the Schédule and manuals should be examined for potential use of a program
. ' or series t6 introduce, develop or reinforce mathematicﬁ%oncepts

- ~ 3

" Educational Information Center (ERIC), Georgia Department of Education, 212 State Office
) Building, Atlanta 30334 . .,
<Research service is provided to Georgia public school administrators and their central’office
staff. Computer and man,ual searches of Educational Resources Information Center (ERIC)
.. . data base which includes over 325,000 references to education documents related to ex-
- emplary projects and model teaching strategies can be requested by the media staff through
. the system media contact person.

";yeadera Services, Public Library Services, Georgia Department of Education, Atlanta 30334.

-

.B@oks pamphlets and periodicals about the teaching of mathematics and the various fields

j’ ‘.tb,ematics are avaiiabie for workshops arid inservice activities as wéll as individual use.
“Seigcted List of Books’for Teachers” {and supplements) and “Periodlcai List” (and sup- .
, K piements) identifying titles in the Public Library Services collection can be obtained by the
oL sch@ol media specialist on request. Georgia Library Information Network (GLIN), another

referenc@and bibliographic service, provides access to-publications in the collections of ap- -

proximately 150 participating public, speciafand academic libraries. Requests for these gér-
- vices and resources should be made through the local public libraries by the school media

staff. I

© e T - >7
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'@ - L L _ Appendix A
G - Organizations for the
| Essentials of Education
N , S

. Socfety must reaffirm the value of a balanced education. i

v o »
"\

~ Leaders of several professional organizations reached this conclusion iy 1978. They circulateda  ’
" statement on the essentials of education among a number of professional associations whose
A - governing boards endorsed the statement and urged that it be'called to the immediate attention of
R the entire education community, of policy makers and of the public at large. .

The statement that follows embodies the collective concern of the endo;slng associations. It ex-
+ presses their call for arenewed commitment to a more complete and moré fulfilling education for
a" * ' s . : 2 . . .
e . ‘. ' ° » .
The associations invite the concurrence, support and participation of everyone interested in* .
, education. : . ‘ . .

THE ESSENTIALS OF EDUCATION ., .

Public concern about basic knowledge and the basic skills in education igvalid. Society should
continually seek out, define and then provide for every person those elements of education that
) . are essentlal to a productive and meaningful lfe. - iy : . ;

-
£

The basic elements of knowledge and skill are only a part of the essentials of education. In an
eradominated by cries for going “back to the basics,” for “mifiimal competéncies,” and for “sur-
vival skills,” society should reject simplistic solutions and declare a commitment to the essentials of
education. i, e,

A deﬁhiﬁo@:e essentials of educalipn should avoid three easy tendencies: to limit the essen-
tialsto “the three’'R’s” in a society thatis highly technological and complex; to défine the essentials f‘\

. by what istested at a time when tests are severely limited in what they can measure; and to )
RN reduce the essentials to a few “skills” when it is ohvious that people use a combination of skills,-
knowledge and feelings to come to térms with their world. By rejecting these simplistic téndencles, .
. educators will avoid concehtration onvtraining in a few skills at the expense of preparing students
L ~ forthe changing world in whlstx they must live. ) .. L y

. AN T e
Educg;grs'should resist pressures to concenﬁategolelyﬁp&gfasy-to—teaeh, easy-to-test bitsof LR .
n ) )

"knowledge, and must go beyond short-term objectives of traffilg for jobs or producing citizens
who can perform routine'tasks but cannot apply their knowledge or skills, cannot reason about

» theirsociety, and cannot make informed judgments. . - .
* - ' 4 I, -

What, then are the essentials of education? - . S

A
R
oy

e " Educators agree that the overarching goal of education isto develop informed, thinking citizens

. capable of participating in both domestic and world affairs. The development of such citizens

ph depends not only upon education for citizenship, but also upon other essentfals of education .
R shared by all subjects. T - .

[} Pl-g

. »
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The Interdependence of skills and content s the central concépt of the essentials of education.
Skills and abilities do not grow in isolation from content. In all subjects, students develop skillsin .
using language and other symbol systems; they develop the ability to reason; they undergo ex-

" periences thatlead to emotional and social maturity. Students master these skills and abilities

through observing, listening, reading, talking, and writing about science, mathematics, history and
the social sciences, the arts and other aspects of our intellectual, social and cultural heritage. As

» they learn about their world and its heritage they necessarily deepen their skills in language and
reasoning and acquire the basisfor emotion], aesthetic and social growth. They also become
aware of the world around them and develGp an understanding and appreciation of the in-
terdependence of the many facets of that world.

More specifically, the essentials of education include the ability to use language, to think, andto
communicate effectively; to use mathematical knowledge and methods to solve probleras; to
reason logically; to use abstractions'and symbols with power and ease; to apply and to understand
scientific knowledge and methods; to make use of technology and to understand its limitations; to
express oneself through the arts and to understand the artistic expressions of others; to understand
other languages and cultures; to understand spatial relationships; to apply knoc\ﬁdige about
health, nutrition, and physical activity; to acquire the capacity to meet unexpe hallenges; to
make inférmed value judgments; to recognize and to use one’s fulll ing potential; and to
prepare to goon Ieamlng for a lifetime.

Such a definition callsfor a realizatiOn that all disciplines must join together and ac
their interdependence. Determining the essentials of education Is a continuing process, faxmore
demanding and significant than listing isolated skills assumed to be basic. Putting the essentiais.of
education into practice requires instructional programs based on this new sense of in-
terdependence. . )
l

Educators must also join with many segments of society to specify the essentials\f of education
more fully. Among these segments are legislators, school boards, parents, students, workers’
organizations, businesses, publlshers, and other groups and individuals with an interest in educa-
tion. All must now participate in a coordinated effort on'behalf of socirfy to confront thistask.. -
Everyone has a stake in the essentials of education.

-~

Professional Associations Endorsing This Statement .
(' -

)

American.Alliance for Health, Physical Education, Recreation and Danéé
1201 16th Street, N.W., Washington, D.C. 20036 (202) 833-5553 -

American Councifon the ‘l"eachlng of Féreign Languages .
_ 2Park Avenue, Room 1814, New York New York 10016 (212) 689-8021

AssoclatiOn for Supervision and Currlculum Develapment
225 North Washington Street, Alexandria, Virginia 22314 (703) 549-91 10

lntematjonal Reading Association
: _ 800 Barksdale Road P.O. Box 8139, Newark, Delaware 19711  (302) 731-1600
Music Educators National Conference TR .
1902 Association Drive, RestOn,Vh'ginia22091 (703)860-4000
National Art Education Association - ﬁo o i
, 1916Association Dﬂye, Reston ’Vl(g_i a, ma 22091 (703) 860-8000
: e : s
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"National Associaﬂon of Elementary School Pﬂncipals

1801 N. Moore Street, Arllngton Vlrginia 22209 (703) 528-6000

National Council for the Social Studies y ' ’ /

3615 Wisconsin Avenue, N.W., Wdshington, D.C. 20016 (202) 966-7840

*

National Council of Teachers of English ..
1111 Kenyon Road, Urbana, lllinois 61801 (217) 328-3870

National Council of Teachers of Mathematics
1906 Association Drive, Reston, Vlrglnla 22091 (703) 620-9840

, National Science Teachers Associaﬂon

1742 Cénnecticut Avenue, N.W., Washlngton,D C. 20009 (202) 265-4150

Speech Communication Assocl '
5205 Leesburg Pike, Falls € urch Virginia 22041 (703) 379-1888
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Appendix B
Position Paper on Basic Mathematical Skills of
the National Council of Supervisors of Mathematics

\ ' o
lmooué'nou ) Lo

The currently popular slogan “Back to the Basics” has become a rallying cry of many who
perceive a need for certain changes in education. The result is a trend that has gained con-
siderable momentum and has initiated demands for programs and evaluations which emphasize
narrowly defined skills»

Mathematics educators find thémselves under considerable pressure from boards of-education,
atures, and citizens’ groups who are demanding instructional programs which will guarantee
acquisi on of computational skills. Leaders in mathematics education have expressed a need for e
> clarifyirig 'what are the baslc skills needed by students who hope to participate successfully in adult
society s

The narrow definition of basic skills which equates mathematical competence with computational
ability has_evolved as a result of sever® forces:

¢ ) . N « &

1. Declining scores on standardized achievement tests and college entrance examinations; 4 T
. . A

2. Reactions to the results of the National: Assessment of Educational Progress;

3. Rising.costs of education and lncreaslng’del:nands for .accountability; ‘ , .
° , ) §
4. Shifting emphasis in mathematics education from curriculum content to instrugtional - L
methods and alternatives. i
N 8

» i

5. Increased awareness of the need to provide remedial and compensatirﬁy programs; ~

6. The widespread publicity given to each of the above by the media. e
This widéspread publicity, in particular, has generated a call for action from governmental agen-
cles, educational organizations and community groups. In responding to these calls, the National
Institute of Education adopted the area of basic skills as a major priority. This resulted in a Con- ' .
erence on Baslc Mathematical Skills and Learnfng, held in Euclid, Ohio, in October, 1975. ..

The National Council of Supervisors ‘of Mathematics (NCSM), during the 1976 Annual Meeting
in Atlanta, Georgla, met in a special session to discuss the Euclid-Conference Report. More than = oo
100 members participating in that session expressed the need for a inified position on basic : .
mathematical skills which would enable them to provide more effettive leadership within their
respective school systems, to give adequate rationale and direction in their tasks of implementing
‘basic mathematics programs, and to appropriately expand the definition of basic skills."Hence, by
an overwhelming majority, they mandated the NCSM to establish a task force to formulate a posl
tion on basic mathematical skills. This statement is the result of that effort. . « ‘

-
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‘ RATIONALE FOR THE EXPANDED DEFINITION B

There are many reasons why basic skills must include more than computation. The present
technological society requires daily use of such skills a_sl estimating, problem Solving, interpreting
data, organizing data, measuring, predicting and applying mathematics' to everyday. situations. The

computers and calculators demand a redefining of the priorities for basic mathematics skills. In
recognition of the inadequacy of computation alone, NCSM is going on record as providing both a

o tion of basic skills. |

Any list of basic skills must include computation. However, the role of computational skills in *

. mathematics must be seen in the light of the contributions they make to one’s ability to use
mathematics in everyday living. In isolation, computational skills contribute little to one's ability to
participate in mainstream society. Combined effectively with the other skill areas, they provide the

learner with the basic mathematical ability needed b{ adults. : :

-

DEFINING BASIC SKILLS . :

The NCSM views basic mathematical skills as falling under ten vital areas. The ten skill areas are
o interrélated and many overlap with each othér and with other disciplines. All are basic to pupils’
’ + . - development of the ability to reason effectively in varied situations.
This expanded list is presented with the conviction that mathematics education must not em-
phasize cgmputational skills to the neglect of other critical areas of mathematics. The ten com-
. ponents of basic mathemaitical skills are listed below, but the order of their listing should.nét be in-,
‘ ¢ . terpreted as indicating either a priority of importance or a sequence for teaching arid learning.
- s - . v, . . . . : . q
Furthermore, as society changes our ideas about which skills are basic also change. For exam-
*ple, today our students should learn to, measure in both the customary and metric systems, but in
. * the future the significance of the custom systerg will be mostly’ historical. There will also be in-
creasing emphasls on when and how toage hand-held calcggators and other electronic devices in
» '+, mathematics. v 2

o

] . %
\ . - ! . .
TEN BASIC SKILL AREAS T T , :
- % v s - e
* Problem Solving - : \
’ Learning to: solve problems is the principal reason for studying mathem%}ics. Problem %olving is
N the process of applying previoysly acquired knowledge to new and ‘unfamiliar situations. ‘Solving
- word problems in texts iIs ofie form of problem solving, but students also should be faced with

non-fextbook problems. Problem-solvimy strategies involve posing ‘questions, analyzing situations,

translating results, illustrating results, drawing diagrams, and using trial and error. In solving prob-

lems, studénts need to be able to apply the rules of logic necessaryto amrive at valid conclusions.

N * " They ntust be able to determine which facts are relevant. Th ould be unfearful of arriving at’
‘ te'n\atiye conclusfons and. they must be willing to subject these conclusions to scrutiny.

*
¥

.s ' ;Mlginf’Nathetpadcs'to Everyday Sltuadonsq - l

The Aise of mathematics I3, interrelated with all computation activities. Studénts should be en-
couraged totake everyday situations, translate them into mathematical expressions, solve the
L ". mathematics, and interpret the results.in light of the initial situation. .

-
— B °

changing heeds of society, the explosion of the amount of quantitative data, and the availability of .

general list of basic mathematical*skills and a clarification of the need for such an expanded defini-
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Alertness to the Reasonableness of Results . .
[ t
Due to arithmetic errors or other mistakes, results of mathematical work are sometimes wrong.
. Students should learn to inspect all results and to, check for reasonablene'ss in terms ‘of the original

problem With the increase in the use of calculating devices in society, this skill is essent{al. ‘.
Ve * . ,.‘ i 7
Estimation-and Appr Zaﬁm ‘ —
/\ér‘udents should be able to carry out rapid approximate calculations by first rounding off

l/aacqulre some simple techniques for estimating quantity, length, distance,
necessary to decide when a particular result is precise enough for the pur-
- ”

% numbers. They sho
weight, etc. It is a
pose at hand.

VA | T
Approprl e Computatlonal Skills | ) - . -

Students should gain faclllty with addition, subtraction, mulﬁpllcaﬁon and division with whole

’umbers and decimals. Today it must bé recognized that long, complicated computations will

J of, and simple’computation with, common fractions.

-

;’. - N 6241-} . .

usually bg done with a calculator. Knowledge of single-digit number facts is essential and mental
drithmetic is a valuable skill. Moreover, there are everyday situations which demand rec09nltlon

Because consumers continually deal with many situations that involve percentage, the ability to
* recognize and use percents-should be developed and maintained.

Geometry . e ‘ ”

- o .

Students should leam the ‘geometric concepts they will need to function effectively in the

3-dimensional world: They should have knowledge of concepts such as point, line, plane, parailel,

and perpendicular. They should know basic properties of simple geometric figures, particularly
i those properties which relate to measurement and problem-solving skills. They also.must be able
to recognize similarities and differences among objects.

.
’

Measurement

lAs a minimum skill, students should be able to measure distance, weight, time, capacity, a;d
temperature. Measurement of angles and calculations of simple areas and volumes are also essen-
tial. Students,should be ab\e to perform measurement in both metric and customary systems using
the appropriate toqls J . - .

v ' : .
Reading, lnterbreﬂng. and Constructing Tables, Charts, and Graphs ..

~  Students should know how to,read and draw conclusions from simple tables, maps, charts and
graphs. They should be able to condense numerical information into more manageable or mean-
ingful terms by setting up simple tables, charts, and graphs.

)

Usifig Mathemaﬂcs *tpal;redlct -

N g

Students should learn how elementary notions of probablllty are used to determine the
likelihood of future events. They should learn to identify situations where immediate past ex-
perience does not affect the likelihood of future events. They should become familiar with how
mathematlcs ls used to help make predictions such as election forecasts

PO
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Computer Literacy - e

It is important for all citizens to understand what computers can and cannot do. Students should )

‘v

be aware of the many uses of computers in society, such as their use in teaching/learning, finan-
cial transactions, and information storage and retrieval. The “mystique” surrounding computers is
disturbing and can put persons with no understanding of computers at a disadvantage. The in-

creasing use of computers by government, industry, and business demands an awareness of com-

puter uses and limitations. s
] -
BASIC SKILLS AND THE STUDENT'S FUTURE T,

Anyone adopting a definition of basic skills should consider the “door-opening/door-closing”
Implications of the list. The following djagram illustrates expected outcomes associated with various

amounts of skill develop!nent.

Scope o'f Skill Development

t

-

E;(pected Outcomes , a

EXPANDED SKILLS
Mathematical skills beyond those described
here plus a desire to learn more.

POTENTIAL LEADERS

Employment and educational oppdrtunities will
continue to increase as mathematical skills
continue to grow.

BASIC SKILLS

The skills desgribed here.

1

' MINIMAL SKILLS -,
* | Limited skills, primarily compufaii“gg&u{ﬂg
exposure to the other skill wteas deséribed™
here. .

&

oy

.

 » MINIMUM ESSENTIALS'FOR HIGH-SCHOOL GRADUATION '« o* * = %

Tc;day some school boards and state legislatures are sta;ﬂng to mand}ite ma;tizry of minifurd -
essential skills in reading and mathematics as a requirement for high-sc

‘

2

open.. - > .

EMPLOYMENT VERY LIKELY
Employment opportunities are predictable.
Doors to further education opportunities are

) -

A

LIMITED OPPORTUNITIES '~
.Unemploymerit likely. “Potentia[genexally‘ .

limited téxjow-level jobs. P
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oot graduatiosi./In the pro- -

cess, they should consider the potential pitfalls of doing this without an appropriate definition.of
“basic skills.” If the mathematics requirements are set inordinately high, then.a significant number ¢
™ of students may not beable to graduate. On the other hand, if the mathematics requirements &re

set too dow and mathematial skills are too narrowly defined, the result could

matherhatics program concentrating exclusively on learning of low-level ma ematical skills. Thig =
" . positionpapeér neither recommends nor condemns minimal competencies for high-school graduap™

tion. However, the ten components of basic skills stated here can serve as guidelinesfor state and , *

local school systems that are considering the estgbwment of minimum essential graduzition re-k !

quirements.

DEVELOPING THE BASIC SKILLS

One fndlvkﬁslp difference among students [s style or way of learning. In offering opportunitiesto _ .

-

7

-—— '

-

<

LS

learn the basic skills, options must be provided to.meet these varying learning styles. The present®

“back-to-

.

" movement may lead to an emphasis on drill and practice as a way to lea%. e
. . e
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, special skills in the area of curriculum development. .
i - °

[N ' . - /
* Certainly drill and practice isa viableoption butitis only one of many possible waysto bring
about Jearning'and to create interest and motivation in students. Learning centers, contradts
tutorial sessions, individual and small-group projects, games, sirpulations an&community-based ac-
tivities are some ofthe other options thatcan provide the opportunity to learn basic skills. Further-
more, to help students fully understand basic mathematical concepts, teachers should utilize the
full range of activities and materials available, including objects the students can actually handle.
The learning of basic mathematical skillsis a continuing process which extends through all of the
. yearsa student s in school. In particular, a tendency to emphasize computation while neglecting
the other nine skill areas at the elementary level must be’ avoided

EVALUATING AND REPORTING STUDENT PROGRESS >
Any'systematic attempt to develop basic skills must necessarily be concerned with evaluating
and reporting pupjl progress. ) . .

2
1

In evaluation, test results are used to judge the effectiveness of the instructional process and to
make needed adjustments in the curriculum and instruction for the individual student. In general,
both educators and the public have accepted and emphasized-ar) overuse of and overconfidence
in the results of standardized tests. Standardized tests yield comparisonshetween students and can
provide a rank ordering of individuals, schools, or districts. Howevey, ‘standardized tests have -
several limitations including the following: '

-

a. ltems are not necessarily generated fo measure a specific gbjective or lnstructional aim.

-
b ﬁ'he tests measure only a sample of the content that makes up a program; certain out- -
comes are not measured atall. . . .
. N - . 2

% v

Because they do notsupply sufficient information about how much mathematits a student
knows, standardized tests are not the best instruments available for reporting individual pupil v
growth Other alternatives such as criterion tests or competency tests must be considered. In
criterion tests, items are generated which measure the specific objectives of the program and which
establish the student’s level of mastery of these objectives. Compétency fests are designed to
determine if the individual has mastered the skills necessary for a certain purpose such a$ entry in4
to the job market. There is also need for open-ended assessments such as observations, intey-
. views; and manipulative tasks to assess skills which paper and pencilt do not measure ade-

quately - -, .

Reports of pupll progress will surejy be made. But, while standardized tests will probably con-
tinue to dominate the testing scene for several years, there is an urgent need to begin reporting =
puplil progress in other terms, such as criterion tests and competency measures. This will also de-
mand an immediate and extensive program of inservice edacation to instruct the general public on
the meaning and interpretation of such data and to enable teachers to use testing as a vital part of
the instructional process. - . .

Large scale testing, whether involving all students or a random sample, can result in Interpreta-

" tions which have great influence on curriculum revisions and development. Test resuilts can in-

. dicate, for example, that a particular mathematical topic is being taught at the wrong time in the
student’s deveiopment and that it might better be introduced later or earller inthe curriculum. Or,
the results might | indicate that students are confused about some topic as a result of inappropriate
teaching procedures. In any case, test results should be carefully examined By educators with *

e
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CONCLUSION - \ : ‘

The present paper represents a preliminary attempt by the National Council of Supervisors of
Mathematics to clarify and communicate its position on basic mathematical skills. The NCSM posi-
tion establishes a framework within which decisions on program planning and implementation can
be made. It also sets forth the underlying sationale for identifying and developing basic skills and
for evaluating pupils’ acquisition of these compatencies. The NCSM position undersqores the fun=
damental belief of the National Council of Supervisors of Mathematics that any effective program
of basic mathematical skills must be directed not “back” but forward to the essential needs of
adults in the present and future. 5
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NCTM-MAA Position Statement
-7 Recommendations for the
Preparation of High School Students

A— . for College Mathematics Courses

The following statement, adopted by the Board of Governors of the Mathematical Association of
America and the Board of Directors 3¢ the National Council of Teachers of Mathematics, is a brief
outline of the basic ingrediénts of adequate preparation for collegiate-level mathematics.* The
statement does not break new ground; it reflects standards that have been generally accepted for
over a decade. It is intended to support the continuing efforts of conscientious teachers
everywhere to provide students with sound and stimylating mathematical training. It is specifically
designed to provide a benchmark for our efforts and those of others to assess and react to recent
reports of a general decline in the performance of students in mathematics. = C -

A joint committee of the Mathematical Association of America and the National Council of
Teachers of Mathematics consulted with*secondary school and college teachers ip various parts of
the country to study,recent trends'in the preparation of students. Thie comments from these con-
sultations on which there was strongest consensus are the basis for this statement and its ten
recbnimendations. : v ’

The Mathematical Association of America. and the National Council of Teachers of Mathematics -

wish to emphasize that the statement and recommendations, as they refer to secondary school .
programs, are addressed only to those programs for students planning to go to college and that

they are not intended to be more comprehensive. During the past fwenty years many important
changes have taken place in both the content and teaching of mathematics at the secondary -
school level. Many excellent new programs have been adopted and taught effectivell) ¥y teachers
in elementary and secondary schools. Nevertheless, any consideration of the relative merits of new

, versus traditional school curricula has been deliberately avoided. A study of this issue would have . -

exceeded both the charge to the committee and its limited resources. This statement and these
recommendations incorporate many of the best features of both of these curricula and are ad- )
dressed to all mathematics programs regardless of pedagogical heritage. , >

s

Necessary Course Work °

¥

Mathematics is a highly structured subject in which various concepts and techniques are greatly

dependent on each other. The ééncepts of arithmetic and algebra, however, are basic to all of

mathematics. Further work in mathematics and in all areas in which mathematics JIs used as a fool

requires correct performance, with understanding, of basic arithmetic operations, the manipulation

of algebraic symbols, and an understanding of what the manipulations mean* .
~~ :

Any student who Is unable to perforri arithmetic calculations and algebraic operations with ac-

* curacy and reasonable speed, to understand which operations to use, in a given problem, and to

detémlne whether the results have meariing is severely handicapped in the study and applications
of mathematics. The prevalence of inexpensive pocket calculators makes the performance of com-
plicated calculations less tedious, but the use of calculators does not lessen the need for students

- -

. *Collegiate mathematics rgfm"to courses In calculus (Y' calculus and analytic geometry), probability and statistics, finite - ’
mathematics,.and higher-level mathematics courses. ) 2
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to understand which concepts and operations are needed to solvg a problem, to make sensible
estimates, a;{d to analyze their result§. ’

For further work in mathematics, and in many other areas from business to psychology, from
- " blology to engineering, the ability to use algebra with skill and understanding is also essential. Hav-
‘. inga passing grade in algebra is not enough. Both understanding and competence in the skills of
algebra are necesary. Neither conceptual understanding nor technical skilf alone will suffice in
" today’s world, let alone in tomorrow's. Algebra is a useful subject which will help-to_solve prob-  »
lems in the real world. Opportunities to apply algebraic skills should be provided whenever possi-
ble, especially to problems that show the, utility of mathematics.

Algebra courses in secondary school should include, ’in addition to the basic topics —

(a) polynomial functions; -
(b) properties of logarithms; ? )
(c) exponential and logarithmic functions and equations;
‘ (d) arithmetic and geometric sequences and series;
% (e) the binomial tHeoI‘gm; '
(f) infinite geometric series; ¢
(@) linear and quadratic inequalities.

o -

r

.

For most students, adequate coverage of the topics in algebg:equires at least two years of s

Students wh{wlll take calculus ~ and this now includes many students who will take colle
work in business, premedicine, economics, biology, statistics, engineering, and physical science
may or may not need trigonometry, depending on the type of calculus course appropriate for théir
particular programs. But they will need a good deal of what is often called precalculus, including
especially a sound understanding of the concept of a function, which is also fundamental for work
beyond the most elementary level in probability and camputing. ) -

-

Thése students needing trigonometry should study — '
I “» ®

(a) trigonometric functions and their"graphs; O

(b) degree and radian measure;, ’

(c] trigonometric identities and equations;

(d) inverse trigonbmetric functions and their graphs.

o
by

LI
»

For such students, the equivalent of one semester should be devoted to the study of the togics in
trigonometry. ’ ’

0 * . *

All students who go on to take collegiate mathematics will find thelr college work easien if they
have been introduced o some axiomatic system and to deductive reasoning. Traditionallgythis has
been accomplished in a geometry cpurse. Geometry courses in secondary school should include,
in addition to basic topics — ) ¢ -, -

. - ALY

(a) fundamental properties of geometric figures in three dimensions; - .

(b) applications of formulas for areas and Vdltimes;

(c) experience in visualizing three-dimensional ?igures.

-

Other courses (the word course refers here and elsewhere in this statement to a semester course
¥ unless otherwise noted) beyond algebra, trigonometry, and geometry should be available to
~ students who have adequate background and timé to take them. A courge in coordinate (or
analytic) geometry is ideal, since it combines algetar:fhith geometry and provides a useful prepara-
tion for calculus. In addition to coordinate geometfy, courses in the following topics are valuable:

-
»
k]
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probability, statistics, eleimentary finite mathematics (or linear algebra), an introduction to tom- ‘
puters and computing, and’ applications of mathematics L

- -

I coordinate geometry is offered it should incldde in addition to the basic topics —

1 5

.
b »

. e

{a) conic sections; . . - .ot . . o
)] ratidnal functions and their graphs;’ L
{c) polar coordinates . .

(d) parametric equations ang-their graphs w s . . ) )

»
(] , »

Inductive as well as deductive reasoning, téchniqu of estimation and approximation, and an-
awareness of problem-solving«techniques, with special’emphasis on the transition from'xhe verbal
form to the language of matherrmatics, should be emphasized i%ﬁcourses

Pl

Calculus, where offered in secondary schools‘should be at least a full year course and'be taken
only by those sfudents who are strongly prepared in algebra, geometry, trigonometry, and coor-
dinate geometry. - . -

We recognize that many secondary schools have a curriculum similar to that outlined above. We
emphasize again that, in order to be properly prepared for collegiate-level courses in mathematics,
students need to develop skills (1) in.applying standard techniques-and (2) in understanding im-

portant: concepts. -

4‘ "
P ~ L3
-’? ' “ R
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Recommendations - \ . . , . )
The Board of Governors of the Mathematical Assotiation of America and the Board of Directors
of the Natiohal Council of Teachersof ‘glathematics make the following recommendations .

1. Profidieney in mathematics cannot be acquired without individual practice We therefore en- ~
dorse fhe common practice of making regular assignments to be completed outside of class,
We recommend that parepts encourage their childreén to set aside sufficlent time each day to
complete these assignments and that parents actively suppQrt the request of the teacher. that .
homework ‘be turned in. Students should be ericouraged to develop. good study habits in

*  mathematics courses at all levels and should develop the ability to read mathematics.
2. Homeworfand drill are very important pedagogical tools used to help the student gain
* understanding as well as proficiency in the skills of arithmetic and algebra, but students

should not be burdened with excessive ar rheaningless drill. We therefore reéommend that
teachers and authors of textbooks-step up their search for interesting problems that ide
the opportunity to apply these skills. We realize that this is a ditficult task, but we believe that
providing problefns that'reinforce maningﬂw(gkills should have high priority, especially
those that show that mathematics helps solve problems in the rea'l wox‘ld

3. We are aware that teachers. must struggle to maintain standards of performance in courses at
all levels from kindergarten through college and that serious grade inflation has been ob-
served. An apparently growing trend to reward effort or attendafice rather than achievement
has been making it increasingly difficult for mathematics teachers to maintain standards. We
recommend that mafhematics departments review evaluation procedures to ensure that

¢ grgdes reflect student achievement.'Further, we urge administrators to sipport teachers in
this endeavor. G ) ’

-
{ . ’

3

" 4. Inlight of recommendation 3, we also recognize that the advancement of students wlthout )
appropriate achievement has a detrimental effect on the individual student- and on the entire ‘ ¢

. . ¥
. . :
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‘ class. We therefore recomtend that school districts make special provisions to assist studeénts
. when deficiencies are ﬂrst noted -
. 5. We recommenid that cumulative-evaluations be given throughout each course, as well as at
-+ its completion, to all students. We believe that the absence of cumulative evaluation pro-
motes short-term leaming. We strongly oppdse the practice of exempting students from
evaluations.

6. We recommend that computers and mlnlcalculators be used in imaginative ways to reinforce
learning and tp motivate the student as proficiency. in mathematics is gained. Calculators

should bé used to supplement rather than to supplant the study of necessary computational
skills.

. 7 We recommend that colleges and universities administer placement examinations in
mathematics prior to final registration to aid students in selecting appropriate college courses.

8. We encourage the continuation or initiation of joint meetings of college and secondary
school mathematics instructors and counselors inorder to improve communication concern-
ing mathernatics prerequisites for careers, the preparation of students for collegiate
mathematics courses, joint curriculum coordination, remedial programs in schools and col-
leges, the exchange of successful instructional strategies, the planning of in-service programs

—and other related topics. y-.

' 9. Schools should frequently review their mathematics curriculum to see that it meets the needs
of its students in preparing them for college mathematics. School districts that have not con-
ducted a cumiculum analysis recently should do so now, primarily to identify topics in the

' curriculum that could be either omitted or de-emphasized, if necessary, in order to provide
- sufficient time for the topics included in this statement. We suggest, for example, that the
followmg could be de-emphasized or omitted from the curriculum:

’ (a) Logarithmic calculatiops that can better be handled by calculators or computers
(b) The extensive solving of triangles in trigonometry
(c) Proofs ofssuperfluous or trivial theorems in geometry

10. We recommend that algebralc concepts and skills be lncorporatef Wwherever possible into
) geometry and other courses beyond algebra to help students retain these concepts and skills.

. " This position statement was prepared jointly by the Naﬁonal Council of Teachers of
~ Mathemaﬁcs. 1906 Association Dr., Reston,.VA 22091, and the Mathematical Association of
Amerlca. 1225 Connecticut Ave., NW, Washington, DC 20036.

.
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| Coa L ~ Appendix D
Correlation of Georgia Statewide Basic Skills Test
Indicator Clusters and Secondary School

. _Mathematics Collection C Objectives

« The Georgia Statewide BasicSkills Tests. for Mathematics and’ Problem Solving are based upon
indicator clusters or descgpﬁv¢ statements. The indicator chisters ligted here include assessment -
ch eristics which the item writers and content review committees used while developing the
item 'pool for the first edition of these™tests. The items were designed to measure minimalskills

and skill application in the context of every day and real world situations. Since there will be

several test administrations before applying standards and high schod! graduation based on test
* performance, it Is possible that further refinement, or clarification of indicator clusters may occur as
the assessnient instruménts are used and evaluate* \

Special attention should be given to those indicator clusters listed for the area ‘of problem solving .

since they‘lnclude mathematics skills: Whileza,student’s competency in’ problem solving will be
evaluated and describéd separately, the mdasurement apprdach in the statewide tests frequently
will be in the context of both reading and mathematics problemss since the skills are so interrelated.
Each indjcator cluster is keyedto one or more objectives of Collection C and the strands of the *
curticulum guide, Mathematics for ‘Georgia Secondary Schools. Collection C objectives include the
knowledge, skills and processes presumed necessary for productive citizenship. T/hé strands or
topics in secondary school mathematics are coded as follows.

-

S( N/N —Sets, Numbersvand Numetation - ' ’
-'R/F _ —Relations and Functions o | . \
0O/P/N.—Opetations,- Their P'rope‘rties ap;i Number Theory .
. G —Eieo;netry ’ - e .t ’ ’ o ;
A~ —Algebra Lt ' . R
. P/S \—Probdblﬁty' and- Statistics )
" M/Es "'—ﬁea;urémegt and Edtimation, . ' .
C/C, —Computing and Computers.’ ! .
MR/L —Mathematical Reasoning and\ Logic
’ - ) .. .
¢v . ‘ MATHEMATICS
Indicator Clusters and t. L S Co Collectk;n C.Oiijecﬁve
. Assessment Characteristics N Numbers and Strand
. ‘ . . L Codes_ .
* NUMBER CONCEPTS N e

Indicator Cluster 1 . 4(S/N/N,’C}C, M/E) -

The student translates from words( to numerals and the reverse.

t

’ Assessment GKarag:terlsﬂcs' ~ et
& ‘ oo .
In-the assessment of this cluster whole numbers and decimals \
are appropriate; however, fractions or percents should not be “~\
included for conversion,  ~~ ‘ \
A . - ‘ e , \\
/ , . A N
N
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° The student orders fractions, decimals or per\cents.

' @ Clustef 2.

. Assessment Characteristics

Items used for assessment are mutually exclusive, not involving
combinations of these number concepts. lf fractions are included
. they are limited to' halves thsough tenths, plus twelfths and hun-
dredths, not sixths, sevenths or ninths. Mixed numbers can be
- ‘'used; however, improper fracﬁons are not appropriate.

Indicator Cluster 3 )

The student translates from decimials to percents and the re-
verse. ot

~oe Assessment Characteristics

d The student’s understanding of the’ conversion process of these
+number concepts in any given context is the primary considera-
tian. For this cluster, the use of decimals over one, smaller than
hundredths, percents with fractions or decimals and percents
o¥%r 100 are not suitable.

©

'
[

Indicator Cluster 4

1

The student transIates from fractlons to percents and tbe
reverse.

. Assésment Characterisﬁcs . v,

In this cluster, assessment includes percents with fractions in -
* combination and repeating decimals. Fractions are limited to
‘ . halves, thirds, fourths, fifths, eighths, tenths and hundredths.
"o The use of mixed numbers and percents over 100 are not
suitable. -

2

, - Indicator Cluster5 ~

v ' The student translates from fractions to decimals and the
- * reverse. . . .

Assessment Characteristics

" In measuring the student’s ability to-achieve this clster, im-
. proper fractions and decimals smaller than thousandths are not
. + appropriate. Suitable means include the usg' of mixed numbets
and repeaﬁng decimals. .

a ,mmmsn OPERATIONS

. lndlcator Cluster 6

’ The student selects appropriate operations for a given problem

situation.

Assessment Charactérisﬁcs

] . Money and cemmon decimals are among the producﬂve subject
. . areas for the'measurement of this cluster. oo
¢ T - A-15
we

1w

" 4(S/N/N. €/C, M/E)

‘ 4(S/N/N,.C/C, M/E)

o

4(S/N/N, C/C, M/E)

5(0/P/N, C/C)
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Indicator Cluster 7 ) 6(C/C) s
7(S/N/N, O/P/N, C/C

The student computes with whole numbers, fractions, d\cimals R/F)

and percents. Do "
" Assessment Characteristics

i

The assessment of this cluster may include horizontal and .o T R

vertical presentations using mixed numbers, like and uniike
denominations, simplifying fractions. Identity and inverse N
properties, improper fractions, percents over 100 or less than
-one, percents of increase or decrease arg to be excluded. The
use of graphics and word problems in items are /not*smtable ®
for this indicator. - C. '

.
. d 4

Indicator Cluster 8 e " 8(0/P/N, C/€),
9(0/P/N, C/C)

L . »
The student applies properties of operations. )

v

Assessment Characteristics ‘ . o C

This cluster assesses a student’s application of the identity,
inverse, commutative, associative and distributive properties of
operations. The identification of a particular property is not the
objective in this case; therefore, the selection of the correct
option should not be predicated on same.

Indicator Cluster 9 - L ; 34{All)

) S ‘° 37(Al)
The ‘student solves simple g)ord problems. B 38(All
Assessment Characteristics . o

Computation, purposely, is to ber ‘kept simple. The assessment

of thiscluster includes asking for the solution equation nly

(not the answer) and problems demanding computatiors No )
academic word problems or problems involving percent of

increase or decrease are to be used. Sales tax and changln

recipes are among sugggsted contexts for this cluster.

h ,/L"

« RELATIONS AND FORMULAS . . , »
" Indicator Cluster 10 T 19(R/F, G, M/E, C/C)
The student applies proportions. R 22(G, M/E)

Assessment Characteristics

The aim of this cluster Is' to determine the student’s ability in
the application of proportional relationships. Assessment
includes the use of similar drawings or scale drawings as well as
unit pricing and “better buys” concept in item presentation. ~

Indicator Cluster 11 . 23(6, M/E, R/F, C/C)
The stude:n applies formulas. . .
Assessment;(&haracteristics - . \,'\ /\

Formulas such as simple interest, area-circumference, distance/ |,
rate, miles per gallon and perimeter are appropriate in the
)

1. ! ‘
A' 16 "~
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. N 1 : . .
- . assessment of a student’s ability in formula application. Complex
- formulas which would include the Pythagorean theorem and . -
compound interest are not to be in the mqasurement of this %
- indicator. Formiilas may be supplied. .
¢ STATISTICS v
Indicator Cluster 12 T 36(P/s, C/C)
Y : ® hd

. The student computes the mean and median. "

! " Assessment Characteristics . .
For any set of numbers, in the assessment_of this cluster, the .

'\ mean and the median should be different. The median is
\deterriined from a set with an odd number of elements which
may be arranged in order. The mean should be a whole _

. number. .

v

Indicator Cluster 13 . 32(S/N/N, P/s)
The student determines probabilities. ’
Assessment Characteristics

Events with zero orgne probability are suitable assessment areas_
- f{or thiscluster—Limitations include the presentation of
\ _ probabilities as a-percent; joint (and/or1), independent and
dependent events; and the use of.combinations of

‘ ) permutations.

Indicator Cluster 14 ' 28(S/N/N, R/F, P/S)

The student organizes data into tables, charts and graphs.
Assessment Characteristics

: Assessment problems in this cluster ipvolve the selection of the
appropriate representation of the data as well as some inter- / :
pretation. Graphs, circle graphs and pictographs, which may be .
incorrectly labeled or have missing information. _

Indicator Cluster 15 . 14(R/F)

The student interprets data in the form of tables, charts and 29(R/F, P/S, C/C, M/E)
- ; 31(P/S, C/C)

graphs. )

Assesiment Characteristics , SR /'

The ability of a student to'discover a relationship or ruie from
the presented materlal is assessed in this cluster. Formats
wherein data can be interpreted may include circle graphs,
bar graphs, line graphs and pictographs -

. MEASUREMENT AND ESTIMATION

[ 3 . .
Indicator Cluster 16 . 24(R/F, M/E)

‘ The student identifies customary or metric units to measure 27(M/E)
length, area, volume, weight, time and tentperature.

. A7 ,’252
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Assessment Characteﬂsﬁm

This cluster involves chooslng the unit that applies to a specific
type of measurement such as picking the appropriate type or
size unit. It Is not suitable to use conversians from metric to cus-
tomary or the reverse in this indicator. Units appropriate
include grams, meters, liters, Celslus inches, feet, yards, miles,
ounces, pounds, pints, quarts, gallons, Fahrenheit, seconds,

" minutes, hours, days, weeks or months. Prefixes such as milli-,
centi- and kilo- are suitable for inclusion.

,

Indicator Cluster17 . ° 7 24(M/E) ;
Thesmdém—uppﬂes‘custamarp'or‘mem‘c“m of measurement =
o determine length, area, volume, weight, time and tempesa-

. ture.
Assessment ‘Characteristics ' ‘
Nonstandard units of measureme n be used in the assess- R 4 N,
ment of this cluster.”It specifically involves presenting a L
measurement scale and having the student identify or apply it. . _e

Conversion from metric to customary or the reverse is not
appropriate; however, conversion within a system of measure-
ment can be included. Units appropriate include grams, meters,
liters, Celsius, inches, feet, yards, miles, ounces, pounds, *
pints, quarts, gallons, Fahrenheit, seconds, minutes, hours,

. * days, weeks or months. Prefixes such as milli-,- centi- and kil@

;-

USRS

are sult{b!e for inclusion._ 4 .
The student estimates numbers (results) using round numbers,
with or without units of measurement. ‘

Indicator Cluster 18

3
Assessment Characteristics
The objective of this cluster is specifically to'assess the student’s
ability to estimate a result. A nonstandard unit of measurement
can be used to ask the student to estimate § the number of units
contalned in a drawing in practical settings.
Indlcator\Cluster 19 -
The student determines amounts of money. .
Assessment Characterlstics
The assessment of this cluster can include making change by *
counting or by subtracting, as well as determining the least num-
ber of coins. Computatién can be involved, as well as simply
showing an amount of money. Exclude the use of half dollars,
silver dollars,or two-dollar bills.

¢ GEOMETRY

fe

Indicator Cluster 20
The student identifies sets of points using standard names.

.

*

11(S/N/N, R/F, O/P/N,

M/E, ©/C)" -
12(0/P/N, A, G, P/S,
M/E, C/C, MR/

26M/E) |+

4(S/N/N, C/C, M/E)

15(G).

‘o
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- Asgessment Characteristics
Sets of polnts in the assessment of this cluster may include \)

s

’ "'@  identification of the circle, triangle, rectangle, point, line, plane, ‘
& parallelogram, cone, sphere, cylinder, pyramid and cube. N
", Indicator Cluster 21 . o 16(G) "
. c
. The studént identiﬂes geometric relations and properties. - igzg;
Ty Assessment Characterlstics / ' ol e
] ‘/ R
L T Geometric relations and propertles o be identified in thi} cluster e e
- ‘\ mayinclude: patallel, perpendicular, similpr, congruent, vertical e
o and horizontal. The concepts of congruent and similar are to be * .
measured and are not to be presented af vocabulary items. .
T Additionally, degrees in a right angle, triangle, circle and’ ) . <,
" rdctangle are included. - . : .
! @ Indicator Cluster 22 20(R/F, G)
The‘student identifies points of Cartesian coordinates. T . )
13 <« .
) Assessment Characteristics - Cos
‘ . " The assessment of this cluster inchides flndlng the coordinates »
' of a point. An appropriate strategy for ¢luster measurement
L~ may be the use of a street map.
.o - > T
@ s PROBLEM SOLVING - . +
. B
é . , . M . - -
s - Indicator Clusters and LT Collection T Objective.
t. Ade'o'st‘nent.‘Characteﬂsﬁcs o Numbers'and Strand
Lot ¢ 7 _ » ) Codes .
* , * COMPONENTSKILLS o T - 4o -
LV— g‘ ‘ ’ - ’ o ) v : ) “\
. Indicator Cluster 1 , . (39(MR/L) . .
K The student distingulshes between fact and oplxlg -
: AssessmentCharacteﬂstics - S '
This cluster is assessed with such materials as editorials, books, =

movies and news reports. Stems must present a problem
context. Minimal pfior information (i.e., information other than R
-that presented in the stem or associated stimulus material)- :
should be required for corfect fesponding. Staten}ents of values .
are not considered facts. \
. : \
Indicator Cluster 2 o
The student recognizes main ideas, detalls, sequences of _
events and cause and effect relationships. -

Assessment Characteristics

Includes explidt orimplicit statement of ideas, details, se- * \ .
quences and relétionships: Correct responding may require :

) o . ?:11
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prior knowledge; however, answer rust be dependent on item
stimulus material. The details of events selécted for item content
must be necessary or relevant to overall comprehension of the
problem situation. lfems requiring identification of appropriate
statement of a problem are included in this cluster.

 ®
Indicator Claster 3
The student recognizes appropriate reference sources.
Assessment Characteristics

This cluster assesses the student’s ability to lde;xﬁfy various
referenice sources such as a.card catalog, an encyclopedia,

37(Al)

types of directories and general library skills. Also included are

yellow pages, classified ads, recipes/cookbooks and instruc- -.

tional manuals. Some items should focus on why one source Is

Jmore appropriate than{n/other for a specific task. Items prefer- .
ably should emphasize the use of non-academicreference ~
sources. ‘ :
. A

37an ",
‘ .
' The student locates information in reference materials. ot
T . \‘
Assessment Characteristics .o o

P

Indicator'Cluster 4

This cluster assesses the student’s ability to usevarioussources Te
of information, including library reference materials. Items re-

quiring use of cross-references, multiple-step search strategies, . "

and recognition of varlous classification schemes are included in .
thiscluster, . .

I
&

Indicator Cluster5 = . . . * _ 11{S/N/N;R/F,0/PN,

The student estimates outcomes, with or without units of M/E, C/C)
measurement. 9
Assessment Characteristics ’ ) 26(M/E)

The objective of this cluster Is specifically fo assess a student’s

abllity to estimate a result. Appropriate items include use of/ ' ~

estimation in planning stages of problem solving as well asitems -
,asking which of several problem-solving methods gives the best

estimate of quantity or other result. ltems requiring identification '

of alternative solution strategies and items requiring valué L°

judgments about the appropriateness of alternative solution

strategies are included. . ’

g .
.

Indicator Cluster 6 S " 39(MR/L)
The student draws conclusions. ) ’
Assessment Characteristics .

Conclusions are considered the result of a deductive or induc-
- tivereasoning process. The conclusion may'act as a summary:
statement, account for a synthesis of the information or bring -
closure to the passage. In most cases, multiple pieces of infor-

I .

-
.
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ntation on which to base a conclusion are included in the
passage. ltems requiring identifiation of valid conclusions are
appropriate for this cluster. Where conclusions involve predic-
tions, gerieralizations or comparisons, these must be stated'in '
the item stem or associated stimulus material. Also appropriate |
are items requiring the student to identify,or state a problem or

. questior to be resolved.. This indicator may be assessed in the
context of free-response items.

* DATAFLUENCY N

” Indicator Cgusteﬂ ' -

The student interprets nongraphic instructions, ]abels, forms ana

applications Ce T g
. .

Assessmery Characteristics 3 z Af

1] -

The' emp hazis of this cluster is application rather than ters’
minology. ltems represented are actual forms or other‘informa-
tion presented in prac?e al situations. ltem content may include
transportation, occupat;lonal and career information '

-

Indicator diuﬁterS e oo

* . . v
. The studentrecognizes relevance of data. "
Assessment Charactéristics

. °
Items pertajning to this cluster must require the student t
identify relevant or irrelevantgieces of information.for a specific
problem situation and set of reolution criterfa. Particularly, the
E%de\nt willidentify what further\niece(s) of information- may be
ecessary torespond to a task or question or identify unneces- ,
sary information which may cause confusion or be extraneous
to the situation.

B

Indicator Cluster9 - - ~

o?

The student organizes ddta into tables, charts and graphs.
Assessment Characteristics

~

Assessment problems in this cluster involve the selectidn of the
appropriate representation of data for a specific purpose or set
of resolutiori criteria. ltems may also require construction of
decisfon tables or flow charts. Content of items may include
fabeling, transportation career and occupational information,
Items should focus on the organization of data in orderto
facilitate problem sqlution. ThisIindicator may be assessed in the
context of free-esponse items.

Indicator Cluster 10

The student interprets data in the form of tables, charts and
graphs
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Assessment Characteristics

Items should requirea student to identify a relationship or rule
from the presente dgl Ic% aterial. Formats wherein data can be inter-
preted may inclu cle graphs, bar graphs, line graphs and

[

3 pictographs. Items requiring the use of decision tables and flow,

-

.

charts are appropriate. Items may include labeling, transporta-
tion, career and’occupational information.

. MODELAPPLICATION
/

IndicatoyCluster 11 .
The stl;ildent makes predictions, generalizations and com-

pariséns \

¥

) Assessment Characteristics

Predlction implies a future event; a degree of probability exists
ﬁenerallzations are the result of inductive reasoning; specifics or

,/detalls are presented from which the general statement is-de-
" rived. Deduction may be involved as well. Comparisons are

made based on sopre defined variable which is constant for that
‘comparison and should be required with respect to some |
specific criteria. Items may entail explicitorimplicit problem
resolution criteria. This indicator may be assessed inThe context
of free-response iterris.”

Indicator Clu;ter 12
The student solves simple word problems.
Assessment Characteristics’

Problem solutions may involve several operations performed in
a,/specifle'd or implied sequence. Solutions may require
responses for which there are no readily apparent response
cues in the item stem or associated stimulus material {e.g.,
common knowledge responses). Some items may require value
judgrnents about the appropriateness of alternative solution
strategies. Solutions are not necessarily numerical results.
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: | * . Careers
in Mathematics

. [} . <
e \
To the teacher:
* Ditto the appropriate handouts.;

. /

- @ Discuss the three-categories — vocational-technical, college, job.

A}

*_Additional alternatives

— . <

Select (circle) each occupation if you knowsSomeone who s in the occupation. .~

N ] 4 . * -
Talk with someone whb is in each of the occupations in which you are interested.
1

Invite a representative of an oécupation of interest to you to speak to your clasf. .

L]
.

Select three occtipations you might find interesting.

3

P -
-

> ! -
Work in small groups based on common inferests br workiindividually to find out about thé\
occupations. . D

N v

* Guidelines for students in seeking information about an occupation

2 R

What are some advantages of the job?

: ¥ '
* What are some disadvantages of the job?
~ . e

What are the job opportunities? (See'Occ&pation’al Handbook) -
What are the income opportunities associated with the job? . AN

-

Describe the Morking conditions.

How much formal education is needed?

Will I need to take any thore mathematics?
$

Gg to the media center, local or regional libraries to find filmstrips describing the selected

occupation,

/ . ‘ -
Check resources in the counselor's office. Al

14

Check resources in the cooperative program areas of your school.

9

- .
Visit the state employment offices (as well as private employment agencies) to find wh\t .
future posslblegob opportunities might be available. Visit places of employment,

6_ . Q
L] - .
- ) ¢ b]
. A 3 i -
- ~:j§‘n - 259 .
&h f
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WlLL MATHEMATICS BE A PART OF
:: MY FUTURE? . ’ .

Yes Our society is using mathematics
more and motre. More, doors are closed
without it. - S :

o'
LY N

-l

3
.
« s

WHAT IS THE BEST'WAY TO

L3
Pa

e
<,
e

s
Pl

PREPAREEOR MY FUTURE WHILE I'M
IN HIGH SCHYOLE? -

You can expect to change jobs about six

. times in your lifetime- You need o be
ready ‘By your being in.deometry, you've-

" already taken a positive step in broadenlng :
the careers available to you.

. ,? ®
At L
~ CAN I GET A JOB AFTER HIGH
. SCHOOL WITHOUT: TAKING ANY
MORE MATHEMATICS?

Yes, ‘however. you may not’ advance as

o

%

[

- Japidly as someone with more Ve

mathematrcs
T ’
e

"DO I NEED MATHEMATICS TO
' PREPARE, FOR COLLEGE?

Yes, for most programs in most colleges.

AN

-

s

.
.

-

2

-

’ 3 WHAT IF.1 DON'T KNOW WHAT '™M
-GOING TO, DO AETER HIGH SCHOOL"

9 lathematics' Chances are you'll
E MC , don’ t getcaught without it

[N

n WILL MATHEMATICS HELP ME GET

. PROMOTIONS IN MY JOB?

Most likely, yes. In many fields you must
have mathematics to get prorpoted to
~ higher levels. .

3
4 . ,;}

WHAT IF | DON'T TAKE
MATHEMATICS NEXT YEAR?

« You will probably lose your chance to take
all the high school mathematics you might
need. . ., _

b . <o ) ‘

v

\‘C

" IF I NEED MORE MATHEMATICS WILL -

. 1BE ABLE TO TAKE IT AFTER HIGH
" SCHOOL?

" Yes, but it could cause lengthy delays and

unpecessary expense in‘your future educa-
tion -and job opportunlties

-

L]

' . Y
WHAT ARE THE FASTEST GROWING
/FIELDS? ~ _
/ Computer Science ~

Health and Energy Flelds .

-

s

.
- v

\ HOW CANIGET MORE INFORMATION,

ABOUT MATHEMATICS AND MY .
FUTURE? N

Mathématlcs Teachers o
* Guidance Offlce/\
Medla Center .

-
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N o f“" Mathematics opens the doorways to effective living.
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WILL MATHEMATICS BE A PART OF
MY FUTURE?

“Yes. Our society is using mathemattcs
more and moxe. More doors are closed
without it )

4

‘o

WHAT IS THE BEST WAY TO
PREPARE FOR MY FUTURE WHILE I'M
"IN HIGH SCHOOL?

You can expect to change Jobs about six
times in your lifetime. You need to be
. ready. By your being in analyéis or pro-

a positive step in broadening the careers
Yavailable to you.

N
. WI'FHOUT FURTHER FORMAL
-, STUDIES WILL ANALYSIS HELP ME
GET A JOB? - 0

Yes. Although you may not advance as

‘ rapidly as Soméone with a college degree,
. You will still have the advantage. when ap-
plicant selections or promotional con-

. siderationé are made.

ey
.

. s o - r' -
- + -

-

T WHAT ARE THE FASTEST GROWING
* "FIELDS?

‘ .\ Computer Science ° "
Health and Energy Fields
. o

.

.. bability and statistics you've alieady taken

FOR WHAT KINDS OF COLLEGE
COURSES WOULD ANALYSIS BE
ESPECIALLY HELPFUL? :

For those courses that involve topics suclﬁ
as statistics, physics, economics, chemistry ~
and engineering — higher level courses
leadmg to professional careers

®
&

-

CANTEXPECT MY EARNINGS TO'IN-
CREASE AS A RESULT OF STUDYING
ANALYSIS?

" While money is important when selectmg a
<job, the prime considerations should
. include’ y
® job security
] ‘job satisfaction
o opportumttes for advancement
. employee benefits -

. p.A

-

HOW CAN I GET MORE
INFORMA'HON'?

Mathematics teachers . ]

- Sources in guidance office, media center '

« Current edition of Occttpational Outlook
Handbook -

! .
. 'p’ \
RE
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» Mathematics Opens Your Career Doors.

’

Business

- — ] | '
Y ; | ‘
: Mathematical || /
Analysis
and Other R Earth
| .Advanced || . : o Science
. ~ Topics
S e Q- y ‘
: . L » A§uonom9 . AUhe
v - ’ Ph v o “9 ’
b o Vsiolo . \S |
| Y cpe
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‘ ° fics i
. . atatistic® " Genetics o)y
_ Stat® G Mict .Liberal
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